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The forecast and its evidence

This book teaches time‑series econometrics through a continuing economic decision. Deriva‑
tions, executable examples, deliberate failures, and repairs form one argument. A forecast is
recorded before its outcome is revealed. A revision must preserve its selection record and sur‑
vive a later comparison.

The fifteen lectures cover stationary dynamics, ARMA, chronological forecasting, measurement
and filtering, stochastic trends, dynamic regression, latent states, VARs andnetworks, structural
identification, cointegration, conditional volatility, changing environments, andmodel revision.
Applications connect financial risk with economic measurement, geographic exposure, and re‑
gional dependence. Three projects carry one procedure through Build, Audit, and Revise.

Each lecture has a chapter, an assignment, a laboratory, and a one‑page summary. Read the
chapter and work its derivations. Attempt the three tasks of the matching assignment before
opening the worked answers. Run the chapter’s entry point from the laboratory bundle in one
language, predict each reported quantity before running it, and carry out the chapter’s break‑
and‑repair exercise. Where an interactive experiment exists online, use it to test a prediction.
The lecture summary then checks that you can state the central relation, the failure, and the
repair with the chapter closed.

The course assumes probability through conditional expectation and Gaussian conditioning,
linear algebra through eigenvalues and orthogonal matrices, and least‑squares regression in
matrix form. Each chapter lists its own prerequisites. R, Julia, and Python independently im‑
plement the same declared quantities. Students need one language; parallel implementations
provide evidence about conventions and reproducibility. All code, fixed inputs, and verification
results are available with the online book.

The observed Texas example uses a fixed EIA/NOAA vintage with a clearly labeled two‑month
teaching release lag. On preliminary 2025 EIA data, its final seasonal benchmark narrowly beats
the selected revision. That result belongs in the argument; sophistication alone is not evidence
of a better deployment decision.

Public practice includes worked solutions. Live assessments, grading keys, and graded contin‑
uation data are kept in the instructor package. Course dates, assessment arrangements, and
section details belong to the syllabus.

First edition, October 2026. Copyright © 2026 Ian Helfrich. All rights reserved. Provider data,
cited works, and bundled fonts retain their own terms. Public access to authored source does
not grant a blanket redistribution or adaptation license.

Online book · Lecture summaries · Code and data
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Lecture 1: The decision and its information
set

Begin with a forecast someonemust use

A regional electricity planner must choose a reserve for next month. An underprediction can
leave insufficient capacity; an overprediction can commit expensive capacity that remains idle.
The object of interest is neither an attractive fitted curve nor a coefficient with a small standard
error. It is a decision made before next month’s demand is observed.

Write a sentence that names the decision, the target, the unit, and the clock. For this case: “At
the end of month 𝑡, forecast the total megawatt‑hours sold to residential customers in a speci‑
fied state during month 𝑡 + 1, using the records available by the forecast date.” A change from
residential sales to total generation changes the economic object. A change from a state to a
utility service area changes the population. A change from the end of the month to the mid‑
dle of the month changes the information available. Those changes belong in the specification
before a model is selected.

Let 𝑌𝑡+ℎ denote the target at horizon ℎ, and let ℐ𝑡 denote the information available at the de‑
cision time. Under squared‑error loss, the ideal forecast is

𝑌𝑡+ℎ|𝑡 = 𝔼[𝑌𝑡+ℎ ∣ ℐ𝑡].

This notation encodes a restriction. The forecast must be a function of ℐ𝑡. It cannot depend
on an observation released tomorrow, even if that observation describes yesterday. The target
date and the availability date are different attributes of a record.

We will use an argument ledger throughout the course. Each entry records a decision date, a
target definition, the information admitted, the proposed model, the result that would count
against it, and the action justified by the result. Begin the ledger before seeing a model com‑
parison. Its purpose is to make changes in reasoning visible. A forecaster can revise a model; a
forecaster cannot retroactively claim to have made the revised decision earlier.
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Why conditional expectation solves this loss

Take any forecast 𝑎 measurable with respect to ℐ𝑡. Let 𝑚 = 𝔼[𝑌 ∣ ℐ𝑡], temporarily suppress‑
ing the target subscript. Decompose the conditional expected loss:

𝔼[(𝑌 − 𝑎)2 ∣ ℐ𝑡] = 𝔼[(𝑌 − 𝑚 + 𝑚 − 𝑎)2 ∣ ℐ𝑡]
= Var(𝑌 ∣ ℐ𝑡) + (𝑚 − 𝑎)2.

The cross term vanishes because 𝔼[𝑌 − 𝑚 ∣ ℐ𝑡] = 0. The first term does not depend on
𝑎. The second is minimized at 𝑎 = 𝑚. This proves an optimality statement for a specified
information set and a specified loss. It does not say a linear regression consistently estimates
that conditional expectation, or that squared loss matches the planner’s actual costs.

The units also agree. If 𝑌 is measured in MWh, 𝑚 and 𝑎 are in MWh; variance and squared loss
are in MWh squared. An error reported in dollars cannot be compared directly with an error in
MWh. A loss function that translates quantities into costs must specify that conversion.

Forecast errors obey an orthogonality condition. For any integrable 𝑍 known at the decision
date,

𝔼[(𝑌 − 𝑚)𝑍] = 0,

when the needed moments exist. Systematic errors correlated with an available predictor sug‑
gest information was left unused. Errors correlated with a future predictor need not reveal a
feasible improvement. This difference will recur when we examine residual diagnostics and
structural interpretations.

A series hasmore than one date

Represent a record as (𝑝, 𝑎, 𝑣, 𝑔, 𝑥): period described, availability date, vintage, geographic
unit, and value. The latest published series usually selects the latest vintage for each period.
A historical decision requires the vintage available at that earlier date. If GDP for quarter 𝑝 was
first published in𝑝+1 and subsequently revised, using the latest value at the old forecast origin
changes both availability andmeasurement.

The course’s public teaching data are fixed extracts. Unless a dataset explicitly contains histori‑
cal releases, it supports apseudo‑out‑of‑sample experiment on thedownloaded vintage. Such
an experiment respects the ordering of periodswhile retaining the values currently recorded for
those periods. It does not reconstruct the complete information set of a historical forecaster.
That qualification is a property of the data, not a defect that a better forecasting algorithm can
remove.
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The lecture’s release‑clock example makes this distinction concrete. Periods are numbered
from zero, and a record for period 𝑝 becomes available in period 𝑝 + 2. At decision date 8,
period 6 is the latest available observation. A training sample through period 8 would include
two unreleased records. The code filters on release <= origin before selecting the latest
period. In an applied project, dates replace the integers, but the rule is identical.

A valid forecasting table should retain origin, target_period, available_through,
model_version, forecast, and, once observed, actual. Joining predictions to actuals
by row position is unsafe after missing months or revisions. Join by explicit target identifiers
and check that every forecast precedes the target’s availability.

Geographic aggregation changes the variable

Suppose a state has two areas with temperatures 40∘𝐹 and 80∘𝐹 , and equal weights. Itsmean
temperature is60∘𝐹 . Defineheatingdegreedays relative to65∘𝐹 as𝐻(𝑇 ) = max(65−𝑇 , 0).
Transforming the statemeanproduces𝐻(60) = 5. Transforming each area first and averaging
produces (𝐻(40) + 𝐻(80))/2 = 12.5.

𝐻(∑
𝑖

𝑤𝑖𝑇𝑖) ≠ ∑
𝑖

𝑤𝑖𝐻(𝑇𝑖).

Here the inequality follows from the kink in 𝐻 . More generally, Jensen’s inequality gives
𝐻(𝔼[𝑇 ]) ≤ 𝔼[𝐻(𝑇 )] because 𝐻 is convex. Aggregating first erases some exposure to cold
locations. The course code returns 5 and 12.5 from the same temperature observations. This is
an exact arithmetic example, independent of sampling error.

Weights must also represent an economic object. Population weights approximate exposure
of people; electricity‑customer weights approximate exposure of customers; geographic area
weights approximate exposure of land. None is automatically the right measure of electricity
demand. If weights change over time, a change in the index can reflect changing composition
as well as changing temperatures. Retaining fixed weights answers a different question from
updating them.

A useful measurement specification names the source locations, inclusion rules, units, weights,
missing‑value treatment, and transformation order. Boundary changes require a crosswalk or
a declared break. A station average should not silently become a population‑weighted state
measure. This is where geographic econometrics enters the course: the geography determines
the observed variable before a temporal model is fitted.
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Establish a benchmark before adding complexity

For a persistent level, the naive forecast is 𝑌𝑡+1|𝑡 = 𝑌𝑡. For a monthly seasonal series, the

seasonal naive forecast is 𝑌𝑡+ℎ|𝑡 = 𝑌𝑡+ℎ−12𝑘, where 𝑘 is the smallest positive integer making
the referencedmonth available. For a series with a stablemean, a training‑samplemean can be
another benchmark. These are different economic assumptions expressed as forecast rules.

The naive forecast assumes that the last level is a useful anchor. The seasonal naive forecast as‑
sumes the same calendarmonth of the prior year is a useful anchor. A historical mean assumes
the relevant mean has remained stable. Benchmarks can fail; the point of specifying them is to
knowwhat a complicatedmodel improves upon.

Do not choose a benchmark after seeing which one makes your preferred model look best.
Record the benchmark and loss in the ledger, then hold them fixed through the first comparison.
If the economic target later changes, open a new comparison with a stated reason.

The synthetic series in this lecture is 𝑌𝑡 = 100 + 𝑋𝑡, where 𝑋𝑡 = 0.8𝑋𝑡−1 + 𝜀𝑡. Its units
are teaching units, not observed electricity sales. The executable example evaluates the naive
forecast on the final 60 targets. Run the same shared fixture in each language; the reported root
mean squared error should agree to numerical tolerance. We will add an estimated autoregres‑
sion and amatched forecast‑origin comparison in Lecture 4.

Execute, break, and repair

Download the complete laboratory bundle, extract it, and open a terminal in its code direc‑
tory. In Python, run uv sync --locked once and then uv run python ch01.py; in
R, run Rscript ch01.R; in Julia, run julia --startup-file=no ch01.jl. The code
page lists the tested versions. Each entry point calls the implementation in the corresponding
course file and cannot run outside that directory. All implementations read the same inno-
vations.csv. The file contains simulated shocks generated by a documented algorithm; it is
not a sample of observed economic outcomes.

Before running, predict the latest available period and both heating‑degree‑day measures.
Record your predictions. After running, inspect the transformation order in the source. Then
replace the availability filter release <= origin with the period filter period <=
origin. Periods 7 and 8 enter the training rows, and the code’s audit, which looks up each
included record’s own release date and asserts that it is at most the origin, fails. Restore the
availability filter and confirm that the audit passes with seven included records. An assertion
that only restates the filter it ismeant to check could never fail; this one compares each selected
row with its own release date, whichever filter selected it.

Next alter the geographic weights from (0.5, 0.5) to (0.8, 0.2). Compute both orders of trans‑
formation by hand. Theweighted temperature becomes 48∘𝐹 , its heating degree days become
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17, and the weighted local heating measure becomes 20. The direction of Jensen’s inequal‑
ity remains unchanged. The size of the discrepancy changes because the economic weights
changed.

Practice with a worked answer

Amonthly observation describes March, is released May 10, and is revised July 15. A forecast is
issued May 1. Can the forecaster use the first release? Can a retrospective analyst use the July
vintage to claim a real‑time May 1 forecast?

The first answer is no: May10 followsMay1. The secondanswer is alsono: the July valuewasun‑
available at the original decision date. The analyst can run a retrospective experiment using the
July vintage, provided that experiment is labeled accordingly. To reconstruct a real‑time fore‑
cast, the analyst needs the records actually available onMay 1, possibly ending beforeMarch.

Now supposemonthly electricity sales are a flow and end‑of‑month installed capacity is a stock.
How should a quarterly series be formed? Sum the three monthly sales flows. Use an explic‑
itly defined quarter‑end capacity stock, or an average stock if the question concerns average
capacity during the quarter. Summing three installed‑capacity stocks would count the same
equipment repeatedly and change the quantity’s meaning.

Your ledger entry shouldnowstate a target, a release rule, a geographic definition, a benchmark,
and one result that would force revision. Keep this entry for Project 1. The next lecture will
replace the benchmark’s implicit dynamics with a model whose behavior we can derive.

Sources and further reading

The EIA‑861Mdata documentation defines electricity sales, sectors, and state adjustments. The
NOAA Climate at a Glance documentation describes geographic climate series. The forecasting
distinction between training residuals and test errors is developed in Forecasting: Principles
and Practice, Section 5.8.
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Lecture 2: Persistence, recursion, and
aggregation

Amodel for a persistent economic level

Suppose amonthly economic indicator is 10 today. We need a forecast for the next twomonths.
Our model adds 3 each month and carries forward half the previous value. With no new shock,
next month’s value is 3 + 0.5 × 10 = 8. One month later it is 3 + 0.5 × 8 = 7.
Why does the forecast move down? A value of 6 reproduces itself: 3 + 0.5 × 6 = 6. Today
the indicator is 4 units above that level. One step leaves half the gap; two steps leave a quarter.
We can therefore calculate the same two‑month forecast as 6 + 0.52(10 − 6) = 7. These are
invented numbers for a hand calculation; they are not estimates for the Texas electricity case.

Today One month Two months
Forecast month

6

7

8

10

In
di

ca
to

r u
ni

ts

10

gap 4
8

gap 2
7

gap 1

reference level = 6

Figure 1: The forecast starts at 10,moves to 8, then to 7. The reference level is 6, and the remain‑
ing gaps are 4, 2, and 1 indicator units. This is an original analytic teaching example.

Nowwrite the rule as

𝑌𝑡 = 𝑐 + 𝜙𝑌𝑡−1 + 𝜀𝑡, 𝔼[𝜀𝑡 ∣ ℐ𝑡−1] = 0, 𝔼[𝜀2
𝑡 ] = 𝜎2.
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The model is an autoregression of order one, abbreviated AR(1). Here 𝑐 = 3 and 𝜙 = 0.5.
The coefficient𝜙 describes howmuch of a deviation survives one period. The intercept 𝑐 is the
increment in the recursion; the reference level is 𝑐/(1 − 𝜙)when |𝜙| < 1. The innovation 𝜀𝑡 is
what the previous information could not predict. Its zero conditionalmean lets the calculations
above serve as forecasts even though future shocks will usually be nonzero.

The conditional‑mean restriction rules out predictable innovations. Serially uncorrelated er‑
rors alone do not imply independence, Gaussianity, or this restriction. The second moment
displayed above is unconditional: it averages across histories. It does not require the risk faced
at each history to be the same. We will state the stronger condition when we calculate a condi‑
tional forecast variance. Treat 𝑐 and𝜙 as known until the section on estimation uncertainty.

Here ℐ𝑡 contains the observations and innovations through 𝑡; these information sets grow as
records arrive. The known recursion lets us recover an observed innovation as𝑌𝑡 − 𝑐 − 𝜙𝑌𝑡−1.
All innovations have finite secondmoments. These conditions make the conditioning steps be‑
lowmeaningful.

Lecture 1’s conditional‑expectation proof explains why averaging the unknown future given to‑
day’s informationminimizes squared forecast loss. Here we apply that result to a specific recur‑
sion.

If𝑌 is in MWh, 𝑐 and 𝜀 are inMWh and𝜙 is dimensionless. The interval represented by one time
step matters. A monthly persistence coefficient cannot be substituted directly into a quarterly
recursion.

Solve the difference equation

Substitute the recursion repeatedly:

𝑌𝑡 = 𝜙𝑡𝑌0 + 𝑐
𝑡−1
∑
𝑗=0

𝜙𝑗 +
𝑡−1
∑
𝑗=0

𝜙𝑗𝜀𝑡−𝑗.

To see the pattern, the first substitution gives𝑌2 = 𝜙2𝑌0 + 𝑐(1 + 𝜙) + 𝜙𝜀1 + 𝜀2. Onemore
substitutionmultiplies every existing term by𝜙, then adds 𝑐 + 𝜀3. Thus a shock from 𝑗 periods
ago receives exactly 𝑗 multiplications by𝜙.
The finite geometric sum also has a short proof. Write 𝑆𝑡 = 1 + 𝜙 + ⋯ + 𝜙𝑡−1. Subtract
𝜙𝑆𝑡 = 𝜙 + ⋯ + 𝜙𝑡 from it; all interior terms cancel, leaving (1 − 𝜙)𝑆𝑡 = 1 − 𝜙𝑡. Hence
𝑆𝑡 = (1 − 𝜙𝑡)/(1 − 𝜙)when𝜙 ≠ 1. At𝜙 = 1, each term equals one and𝑆𝑡 = 𝑡.
For 𝜙 ≠ 1, the deterministic component is 𝜙𝑡𝑌0 + 𝑐(1 − 𝜙𝑡)/(1 − 𝜙). If |𝜙| < 1, the initial
condition’s influence decays. Under the finite‑moment conditions specified next, a stationary
solution can be written
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𝑌𝑡 = 𝜇 +
∞

∑
𝑗=0

𝜙𝑗𝜀𝑡−𝑗, 𝜇 = 𝑐
1 − 𝜙.

For this representation, let the innovation sequence extend through all integer dates, with zero
means, common variance𝜎2, and zero covariances across distinct dates. Themean‑square size
of the omitted tail after 𝑚 terms is 𝜎2 ∑∞

𝑗=𝑚 𝜙2𝑗, which tends to zero when |𝜙| < 1. That es‑
tablishesmean‑square convergence. The resultingmean is constant and its covariancedepends
only on the lag, so the solution is covariance‑stationary. Strict stationarity, which concerns the
entire joint distribution, requires a strictly stationary innovation sequence as well.

A simulation initialized at an arbitrary fixed 𝑌0 has a transient; it is not exactly stationary from
its first row. Discarding a burn‑in approximates the covariance‑stationary regime, with approxi‑
mation quality depending on persistence.

For 𝜙 = 0, each observation is 𝑐 + 𝜀𝑡. For 0 < 𝜙 < 1, deviations decay without alternating
signs. For −1 < 𝜙 < 0, their signs alternate while their magnitudes decay. At 𝜙 = 1, the
formula for 𝜇 is undefined and the model becomes a random walk with drift. For |𝜙| > 1,
the forward recursion is explosive. Those boundary cases should change an implementation’s
interpretation, not merely trigger a divide‑by‑zero warning.

Derive the populationmoments

Taking expectations in a stationary solution yields𝜇 = 𝑐+𝜙𝜇, hence𝜇 = 𝑐/(1−𝜙). Subtract
the mean and define𝑋𝑡 = 𝑌𝑡 − 𝜇. Then

𝑋𝑡 = 𝜙𝑋𝑡−1 + 𝜀𝑡.

The previous state is known in ℐ𝑡−1, so 𝔼[𝑋𝑡−1𝜀𝑡] = 𝔼[𝑋𝑡−1𝔼[𝜀𝑡 ∣ ℐ𝑡−1]] = 0. Squaring
the centered recursion and taking expectations therefore gives

𝛾(0) = 𝜙2𝛾(0) + 𝜎2.

Stationarity supplies the same variance for𝑋𝑡 and𝑋𝑡−1. Subtract𝜙2𝛾(0) fromboth sides and
divide by 1 − 𝜙2, which is positive for |𝜙| < 1: Var(𝑌𝑡) = 𝛾(0) = 𝜎2/(1 − 𝜙2).
Define 𝛾(𝑘) = 𝔼[𝑋𝑡𝑋𝑡−𝑘]. Multiply the centered recursion by 𝑋𝑡−𝑘 and take expectations.
For𝑘 ≥ 1,𝑋𝑡−𝑘 is known before the innovation, so the same conditioning argumentmakes its
product with 𝜀𝑡 contribute zero. The remaining product is 𝜙𝔼[𝑋𝑡−1𝑋𝑡−𝑘] = 𝜙𝛾(𝑘 − 1) by
stationarity. Iterating gives

𝛾(𝑘) = 𝜙𝑘𝛾(0), 𝜌(𝑘) = 𝜙𝑘.
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Covariance has squared outcome units. Correlation and persistence are dimensionless. As |𝜙|
approaches one with 𝜎2 held fixed, stationary variance grows without bound. A small innova‑
tion variance therefore does not guarantee a stable level. Negative persistence gives alternating
correlations, while variance depends on𝜙2.

The laboratory uses 𝑐 = 0.6, 𝜙 = 0.7, and 𝜎2 = 1. Its population mean is 2 and popu‑
lation variance is approximately 1.9608. The simulated sample will differ. That discrepancy is
evidence of finite‑sample variation; it should not be repaired by changing the population formu‑
las to match the realized sample.

Comparing a time average with a population moment needs one more condition, because sta‑
tionarity alone does notmake time averages converge. Draw𝑍 once and let𝑌𝑡 = 𝑍 + 𝜀𝑡 with
independent innovations. The process is strictly stationary, yet its sample mean converges to
the realized 𝑍 rather than to 𝔼[𝑌𝑡]: one long history reveals nothing about the other values 𝑍
could have taken. Themissing property is ergodicity, under which time averages of functions of
the process converge to their expectations. For a strictly stationary process, a sufficient condi‑
tion ismixing, underwhichevents far apart in timebecomeasymptotically independent. For the
samplemeanof a stable AR(1), less is needed. Under the linear‑process assumptions above, the
autocovariances are absolutely summable, so Var(𝑌 ) → 0 and𝑌 converges inmean square to
𝜇. Sample variances, autocovariances, and the least‑squares estimators of later lectures need
more, such as independent innovations with finite variance, martingale‑difference innovations
with suitable higher moments, or a mixing condition that supports a law of large numbers and
a central limit theorem for dependent data. Later laboratories assume conditions of this kind
whenever they treat a time average as an estimate.

Forecast more than one period ahead

At date 𝑡, iterate the centered recursion forward:

𝑌𝑡+ℎ = 𝜇 + 𝜙ℎ(𝑌𝑡 − 𝜇) +
ℎ−1
∑
𝑗=0

𝜙𝑗𝜀𝑡+ℎ−𝑗.

Under the innovation conditional‑mean restriction, the forecast is

𝑌𝑡+ℎ|𝑡 = 𝜇 + 𝜙ℎ(𝑌𝑡 − 𝜇)⏟⏟⏟⏟⏟
retained deviation

.

Each future innovation has zero conditional mean given date‑𝑡 information: condition first on
the information immediately before that innovation, use its zero conditional mean, then condi‑
tion onℐ𝑡. That removes it from the forecast, but its squared contribution remains in the error.
The same conditioning argument makes the cross‑products of innovations at different dates
vanish.
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Take two future dates 𝑡 < 𝑖 < 𝑘. The earlier innovation is already known in ℐ𝑘−1, and ℐ𝑡 is
contained in that information set. Conditional expectation therefore gives

𝔼[𝜀𝑖𝜀𝑘 ∣ ℐ𝑡] = 𝔼[𝜀𝑖𝔼[𝜀𝑘 ∣ ℐ𝑘−1] ∣ ℐ𝑡] = 0.

The inner expectation is zero by themodel’s innovation restriction. Averaging the resulting zero
over the histories also gives an unconditional zero cross‑product. Expand the squared forecast
error: the cross‑terms disappear, leaving each innovation’s second moment multiplied by its
squared coefficient. With the common unconditional second moment 𝜎2, this yields the un‑
conditionalmean‑squared forecast error

𝑉ℎ = 𝜎2
ℎ−1
∑
𝑗=0

𝜙2𝑗 = 𝜎2 1 − 𝜙2ℎ

1 − 𝜙2 .

For this same number to be the conditional forecast variance at every history, assume condi‑
tional homoskedasticity: 𝔼[𝜀2

𝑠 ∣ ℐ𝑠−1] = 𝜎2 for the future dates involved. The word means
that the next innovation’s variance is constant given the available history. Without that condi‑
tion, the conditional variance instead sums 𝜙2𝑗𝔼[𝜀2

𝑡+ℎ−𝑗 ∣ ℐ𝑡] over 𝑗 = 0, … , ℎ − 1. The
forecast mean can remain correct while its conditional risk changes.

Forℎ = 1,𝑉ℎ = 𝜎2. For a stable process, it increases toward the unconditional level variance.
At 𝜙 = 1, use the finite sum directly: 𝑉ℎ = ℎ𝜎2. Numerical cancellation near one can make
the quotient less accurate than the sum.

With the opening example’s 𝜙 = 0.5 and innovation standard deviation 2, the two‑month er‑
ror is 0.5𝜀𝑡+1 + 𝜀𝑡+2. Under conditional homoskedasticity its variance is 0.52 × 4 + 4 = 5
squared indicator units. Changing 𝜙 to −0.5 reverses the first innovation’s contribution but
leaves its squared weight at 0.25. The response can alternate while the variance remains posi‑
tive. Change persistence and compare both quantities.

A changed example: what if risk depends on the history?

An observed risk state chooses an innovation scale of 1 or 3, each with probability one half, and
retains that scale over the two forecast months. Each month’s innovation is the scale times an
independent sign, equally likely to be −1 or 1. What are the two conditional error variances
when𝜙 = 0.5? What is their unconditional average?

In the low‑risk state, variance is12(1+0.52) = 1.25. In the high‑risk state it is32(1+0.52) =
11.25. Their average is 6.25, which also equals𝔼[𝜀2

𝑠](1+0.52) = 5×1.25. Zero conditional
means and constant unconditional second moments hold, but conditional homoskedasticity
fails. Reporting 6.25 as the risk at either observed history would be wrong. The independent
signs permit an exact eight‑outcome enumeration across the two risk states; no simulation is
needed for this example.
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A shock’s response afterℎ periods is𝜙ℎ times its initial size. For 0 < 𝜙 < 1, solving𝜙ℎ = 0.5
gives the half‑life log(0.5)/ log(𝜙). This is a real‑valued number of model periods; actual dis‑
crete responses reach or fall below half their original magnitude at the ceiling of that number.
For −1 < 𝜙 < 0, use |𝜙| to describe magnitude decay and retain the alternating sign sepa‑
rately.

The known‑parameter variance excludes parameter uncertainty. When 𝑐 and 𝜙 are estimated,
a plug‑in forecast is a random function of an estimated model. Its interval requires additional
care, especially in a short sample or near a unit root. Lecture 4’s forecast‑uncertainty discus‑
sion distinguishes process uncertainty, estimation uncertainty, and uncertainty about model
selection.

Time aggregation changes the dependence

Suppose a monthly centered AR(1) is observed only through quarterly averages

𝑄𝑠 = 𝑋3𝑠−2 + 𝑋3𝑠−1 + 𝑋3𝑠
3 .

Using 𝛾(𝑘) = 𝛾(0)𝜙|𝑘|,

Var(𝑄𝑠) = 𝛾(0)
9 (3 + 4𝜙 + 2𝜙2).

There are three diagonal covariance terms, four ordered pairs at distance one, and two at dis‑
tance two. Between adjacent quarters, the nine pairwise distances are 1, 2, 2, 3, 3, 3, 4, 4, and 5.
Thus

Cov(𝑄𝑠, 𝑄𝑠−1) = 𝛾(0)
9 (𝜙 + 2𝜙2 + 3𝜙3 + 2𝜙4 + 𝜙5).

Their ratio is generally different from 𝜙3. Sampling the last month of each quarter produces
a different dependence structure from averaging all three months. The aggregate process can
require moving‑average terms even when the original process is a simple autoregression. This
is a substantive measurement issue: the model belongs to the frequency and aggregation rule
actually used.

For a quarterly flow total, replace the average by a sum. Variance and covariance both multiply
by nine, leaving the correlation unchanged. The level’s units change fromamonthly quantity to
a quarterly total, so its intercept and forecast scale change. A rate or index may instead require
an economically defined weighted average.
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Figure 2: A unit shock can alternate while error variance remains positive. These are original
analytic curves with innovation variance one; the variance is conditional under ho‑
moskedasticity and unconditional under constant unconditional secondmoments.

Execute the recursion and audit the result

Run ch02 in your preferred language. The source implements the recursion directly and com‑
putes the four‑step forecast twice: by applying the recursion four times to the last observation,
and by the closed formula𝜇 + 𝜙4(𝑌𝑡 − 𝜇). It asserts that the two agree to 10−12 and reports
both. The same program compares the finite variance sumwith its quotient and asserts numer‑
ical agreement, and it averages consecutive groups of three monthly observations to estimate
an AR(1) coefficient on that aggregate.

First predict whether that aggregate coefficient should equal 0.73. Use the covariance expres‑
sions above to explain your prediction. Compare the realized estimate with the implied aggre‑
gate lag‑one correlation; finite samples and the fitted intercept will introduce differences. A
single sample is a demonstration, not a consistency proof.

Then repeat the recursion at 𝜙 = 0, 0.95, −0.7, and 1. At one, retain the finite forecast‑error
sumand stop reporting a stationary populationmean. At0.95, increase the burn‑in and explain
why the shorter burn‑in retained more initial‑condition influence. The code’s baseline burn‑in
is an explicit design choice, not a universal guarantee.

Worked problem and project connection

Return to the opening example with 𝑐 = 3, 𝜙 = 0.5, innovation standard deviation 2, and
current value 10. Its stationary mean is 6 and its two‑period forecast is 7. Under conditional ho‑
moskedasticity, its known‑parameter conditional error variance is 5 and its standard deviation
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is
√

5. If the future innovations are independent Gaussian draws, the conditional Gaussian 95%
interval is 7 ± 1.96

√
5. Using 1.96 rounds the normal quantile; variance alone does not justify

a Gaussian interval.

If the current value changes from 10 to 14, the two‑period forecast increases by 0.52(4) = 1.
The error variance is unchanged because this homoskedastic model makes variance indepen‑
dent of the current level. If observed forecast risk increaseswith the level, thismodel’s variance
assumption deserves an audit.

In Project 1: A forecast someone can use, use an AR model as a transparent competitor to the
benchmark. Report the series frequency, its aggregation rule, fitted persistence, and the estima‑
tion window. Describe which disturbance remains unexplained. The next lecture will expand
the dependence structure while preserving the distinction between observable histories and
unobserved innovations.

Further reading

For the transition from independent Gaussian shocks to theweaker zero‑conditional‑mean con‑
dition, seeQuantEcon’s discussion ofmartingale difference shocks. Its prediction section devel‑
ops the state‑space generalization. The ARIMA chapter in Forecasting: Principles and Practice
supplies forecasting context. The numerical examples and graphics in this lecture are original
teaching calculations.
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Lecture 3: ARMAmodels and recoverable
innovations

Separate propagation from innovationmemory

Anautoregressionpropagatespast outcomes. Amoving‑averagemodel carriespast innovations
into the current observation. For a centered series, an ARMA(1,1) combines both:

𝑋𝑡 = 𝜙𝑋𝑡−1 + 𝜀𝑡 + 𝜃𝜀𝑡−1.

Our convention places a plus sign before 𝜃. Software packages and textbooks sometimes use
different signs. Record the convention before comparing estimates. A coefficient disagreement
caused by opposite conventions is a notation mismatch, not an empirical contradiction.

Define the lag operator 𝐿𝑋𝑡 = 𝑋𝑡−1. The model is (1 − 𝜙𝐿)𝑋𝑡 = (1 + 𝜃𝐿)𝜀𝑡. A general
ARMA(𝑝, 𝑞) has

Φ(𝐿)𝑋𝑡 = Θ(𝐿)𝜀𝑡, Φ(𝑧) = 1 −
𝑝

∑
𝑖=1

𝜙𝑖𝑧𝑖, Θ(𝑧) = 1 +
𝑞

∑
𝑗=1

𝜃𝑗𝑧𝑗.

For a causal stationary representation, the roots of Φ(𝑧) = 0 must lie outside the unit circle.
For an invertible innovation representation, the roots of Θ(𝑧) = 0 must lie outside it. These
conditions concern different polynomials and different questions. For ARMA(1,1), they become
|𝜙| < 1 and |𝜃| < 1, respectively.

Build themoving‑average representation

When |𝜙| < 1,

𝑋𝑡 = 1 + 𝜃𝐿
1 − 𝜙𝐿𝜀𝑡 =

∞
∑
𝑗=0

𝜓𝑗𝜀𝑡−𝑗,
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where 𝜓0 = 1 and 𝜓𝑗 = (𝜙 + 𝜃)𝜙𝑗−1 for 𝑗 ≥ 1. Obtain the coefficients by multiplying
(1 + 𝜃𝐿) by ∑𝑗≥0 𝜙𝑗𝐿𝑗. This representation shows the immediate innovation effect and the
later propagation effects.

With serially uncorrelated innovations of variance 𝜎2,

𝛾(0) = 𝜎2 ∑
𝑗≥0

𝜓2
𝑗 = 𝜎2 1 + 𝜃2 + 2𝜙𝜃

1 − 𝜙2 .

The numerator and denominator are dimensionless, leaving squared outcome units. At 𝜃 = 0,
this reduces to the AR(1) variance. At𝜙 = 0, it becomes𝜎2(1+𝜃2), theMA(1) variance. At 𝜃 =
−𝜙, the lag polynomials cancel and 𝑋𝑡 = 𝜀𝑡. Such common factors make an unnecessarily
large model observationally redundant.

The lag‑one covariance is

𝛾(1) = 𝜙𝛾(0) + 𝜃𝜎2.

Multiply the original recursion by𝑋𝑡−1 and take expectations. The current innovation is uncor‑
related with the past, while Cov(𝜀𝑡−1, 𝑋𝑡−1) = 𝜎2. For 𝑘 ≥ 2, 𝛾(𝑘) = 𝜙𝛾(𝑘 − 1). The first
lag therefore contains both autoregressive propagation andmoving‑averagememory; later lags
decay geometrically.

Why invertibility matters

For an MA(1),𝑋𝑡 = 𝜀𝑡 + 𝜃𝜀𝑡−1. If |𝜃| < 1,

𝜀𝑡 = (1 + 𝜃𝐿)−1𝑋𝑡 =
∞

∑
𝑗=0

(−𝜃)𝑗𝑋𝑡−𝑗.

The coefficients decay, so distant observations have diminishing influence on the recovered in‑
novation. If |𝜃| > 1, this backward recursion amplifies initialization error. A stable series can
therefore have a noninvertible representation: stationarity does not guarantee stable recovery
of shocks from observed history.

The MA(1) autocorrelation is 𝜌(1) = 𝜃/(1 + 𝜃2) and 𝜌(𝑘) = 0 for 𝑘 > 1. Replacing 𝜃 by 1/𝜃
preserves 𝜌(1). It also preserves the covariance function if the innovation variance is rescaled
to 𝜃2𝜎2. Gaussian processes with these matched covariance functions have the same distribu‑
tion. An invertibility convention selects the representation with recoverable innovations; the
ACF alone cannot distinguish reciprocal MA roots.
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This does not mean all non‑Gaussian models with the same covariance are identical in every
respect. Covariance characterizes second‑order behavior; additional distributional information
canmatter. Our elementary identification statement should remain within its assumptions.

Read an ACF and PACFwithout treating them as verdicts

The autocorrelation function measures the association between 𝑋𝑡 and 𝑋𝑡−𝑘. The partial au‑
tocorrelation at lag 𝑘 removes linear dependence on the intervening 𝑘 − 1 lags. Equivalently,
it is the final coefficient in the population linear projection of 𝑋𝑡 onto its first 𝑘 lags under the
usual nonsingularity conditions.

For a pure AR(𝑝), the population PACF cuts off after 𝑝 and the ACF generally tails off. For a pure
MA(𝑞), the population ACF cuts off after 𝑞 and the PACF generally tails off. For a mixed ARMA,
both can tail off. Seasonal dynamics introduce patterns at seasonal lags. Differencing, finite
samples, parameter cancellation, and near‑unit roots complicate these pictures.

An estimated ACF is noisy. A familiar ±1.96/√𝑛 band is a rough white‑noise reference, not a
simultaneous confidence band for every lag of every fittedmodel. Inspectingmany lags creates
many opportunities for an apparent excursion. Use the plots to propose a short candidate list,
then check residuals and evaluate the candidates on later targets.

Information criteria rank such a list. For a Gaussian model with 𝑘 estimated parameters fitted
to𝑛 observations, and up to terms common to every candidate,

AIC = 𝑛 log 𝜎̂2 + 2𝑘, BIC = 𝑛 log 𝜎̂2 + 𝑘 log𝑛,

where 𝜎̂2 is the estimated innovation variance (Akaike 1974; Schwarz 1978). The preferred can‑
didateminimizes the criterion. BIC’s penalty exceeds AIC’s once𝑛 ≥ 8, so BIC chooses smaller
models. When the true orders are among the candidates, BIC selects them with probability ap‑
proaching one, while AIC retains a positive probability of overfitting; AIC is designed instead to
approximate expected predictive loss. Compute every criterion on a common estimation sam‑
ple, because a model with more lags loses initial observations, and criteria computed on dif‑
ferent samples are not comparable. Select the order inside the training window and treat that
selection rule as part of the procedure that later targets evaluate.

The laboratory’s ARMA series has 𝜙 = 0.6 and 𝜃 = 0.4. Its sample lag‑one correlation is
substantially larger than the isolated MA(1) correlation 0.4/(1 + 0.42). Comparing those two
values does not reveal an error: one belongs to amixedmodel and the other to a pureMAbench‑
mark. Calculate themixed‑model population correlation using the formulas above before inter‑
preting the sample.
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Estimate a conditional model transparently

Given a candidate (𝜙, 𝜃) and an initialization ̂𝜀0 = 0, recover residuals recursively:

̂𝜀𝑡 = 𝑋𝑡 − 𝜙𝑋𝑡−1 − 𝜃 ̂𝜀𝑡−1.

Conditional sum of squares minimizes ∑𝑡 ̂𝜀2
𝑡 . The source uses a small declared grid and ex‑

cludes the first 30 residuals from the comparison. A grid estimate is transparent but coarse. It
supplies neither exact maximum likelihood nor standard errors. Its pedagogical purpose is to
expose the objective, initialization, parameter restrictions, and residual recursion before using
a package optimizer.

When fitting real data, an exact Gaussian likelihood accounts for the initial state distribution;
conditional likelihood conditions on initial information. Near boundaries, small‑sample esti‑
mates can depend appreciably on that treatment. An optimizer’s successful exit does not prove
the global optimum or the economic validity of the model. Retain its convergence information
and inspect admissibility.

Estimate amean explicitly, or center using training data only. Centering with the full sample be‑
fore forecasting leaks future information into the historical regressors. The lecture’s synthetic
ARMA is constructed with zero mean, so its grid search has no estimated mean term. That sim‑
plifying assumptionmust not silently migrate to an application with a changing level.

Execute, break, and repair

Run ch03 in all three languages. The declared grid includes the generating coefficients,
and the shared realization selects them under the conditional criterion. The code records
the conditional mean squared residual at all sixteen grid points. The minimum, 0.939 at
(𝜙, 𝜃) = (0.6, 0.4), is close to its neighbors 0.991 at (0.8, 0.4) and 1.010 at (0.4, 0.4), while
(0.6, −0.4) gives 1.693. Use the grid to judge how sharply the objective distinguishes nearby
candidates. Recover the residuals, then calculate their ACF. A model that reproduces the
outcome’s ACF can still leave predictable residual patterns.

Set𝜃 = 1.2 in the data generator and try the innovation recursionwith that coefficient. Perturb
the initial residual by a small amount. The initialization difference evolves as (−𝜃)𝑡 and grows
in magnitude. Repeat at 𝜃 = 0.4; the difference decays. Repair the representation by finding
the reciprocal invertible coefficient and rescaling innovation variance. Explain which features
of the observed series are retained.

Next set 𝜃 = −𝜙. The simulated series collapses to white noise apart from initialization han‑
dling. A two‑parameter model that seems flexible here is redundant. Simplify the representa‑
tion and record the reason in the ledger.
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Worked problems

For an MA(1) with 𝜃 = 0.5 and𝜎2 = 4, variance is 4(1 + 0.25) = 5 and lag‑one covariance is
0.5(4) = 2. Thus 𝜌(1) = 0.4. The reciprocal representation has coefficient 2 and innovation
variance 1; its variance is again 5 and its lag‑one covariance again 2. The first representation is
invertible; the second is not.

For an ARMA(1,1) with 𝜙 = 0.5, 𝜃 = 0.2, and 𝜎2 = 1, variance is (1 + 0.04 + 0.2)/(1 −
0.25) = 1.6533. Lag‑one covariance is 0.5(1.6533) + 0.2 = 1.0266, giving lag‑one cor‑
relation approximately 0.621. Lag‑two covariance is half the lag‑one covariance. These checks
establish the correct sign convention before any software result is interpreted.

For Project 1, declare a small candidate family and justify it through the target’s dynamics. Pre‑
serve the benchmark, information rule, and forecast origins. A larger model earns its place
through a defensible improvement on that comparison. Lecture 4 specifies the comparison it‑
self.

Further reading

QuantEcon’s ARMA lecture develops covariance‑stationary processes in time and frequency do‑
mains. Forecasting: Principles and Practice discusses practical ARIMAmodel selection.
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Lecture 4: Forecasts that survive a
chronological comparison

Fitting and forecasting answer different questions

A regression’s fitted values use coefficients estimated from its training sample. Their residuals
describe how that fitted model represents observations it has already seen. A forecast uses a
model constructed before its target is observed. Its errors describe performance on subsequent
targets. A small training residual sum of squares can coexist with poor forecasting.

Beginwith a historical sequence and a forecast origin 𝑡. The trainingwindowends at that origin,
or at the latest earlier observation available under the release rule. Fit the model using only
that window, issue a forecast for 𝑡 + ℎ, and retain the prediction. Move the origin forward and
repeat. This is rolling‑origin evaluation. An expanding window starts at a fixed initial date; a
rolling window retains a fixed number of recent observations.

An honest comparison holds the target periods, information rule, and loss fixed acrossmethods.
If onemodel is evaluatedonly oneasymonths andanother oneverymonth, their average losses
are not comparable. If a model cannot produce a forecast at an origin, record that failure and
apply a declared fallback rule. Do not silently drop the difficult target.

The comparison should reflect the intended deployment. Refitting at every origin evaluates a
repeatedly updated procedure. Fitting once and holding coefficients fixed evaluates a different
procedure. Both are legitimate designs if their interpretation is explicit.

The algorithm is part of the statistical model

For an estimated AR(1), the procedure at each origin solves

min
𝑐,𝜙

∑
𝑠∈𝑊𝑡

(𝑌𝑠 − 𝑐 − 𝜙𝑌𝑠−1)2,

then iterates the estimated recursion ℎ steps. 𝑊𝑡 contains admissible target‑regressor pairs
fromthatorigin’s trainingwindow. A laggedoutcomerequiresboth rows tobeavailable;missing
periods must not turn adjacent rows into a false one‑period lag.
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The executable implementation uses QR‑based least squares. Solving the normal equations
by explicitly inverting 𝑋′𝑋 is unnecessary and can amplify numerical problems. Rank checks
detect a design with redundant columns or insufficient observations. This is a computational
condition; rank sufficiency does not establish exogeneity, stationarity, or stability. Whether the
estimated 𝑐 and𝜙 approach their population values as the trainingwindowgrows is a statistical
question, and the answer rests on stability together with the ergodicity and innovation condi‑
tions stated in Lecture 2.

Preprocessing also belongs inside the origin loop. Estimate a mean, standard deviation, impu‑
tation rule, seasonal adjustment, or principal component from training data. Apply the retained
transformation to the admissible prediction inputs. A full‑sample transformation can carry in‑
formation from the test period into every historical forecast even when the regression itself is
refitted correctly.

Tuning requires another boundary. Use anearlier validation segment to choose lag order orwin‑
dow length, then evaluate the chosen procedure on later targets. Repeatedly choosing amodel
after observing the same test errors turns that test segment into a selection sample. Lecture 14
will freeze a complete procedure before a continuation release.

Match loss to the decision

For errors 𝑒𝑡 = 𝑌𝑡 − 𝑌𝑡, common summaries are

MAE = 1
𝑛 ∑

𝑡
|𝑒𝑡|, RMSE = √1

𝑛 ∑
𝑡

𝑒2
𝑡 .

Both are in outcome units. RMSE emphasizes large errors. MAE has the conditional median as
its population‑optimal point forecast; squared loss has the conditional mean. Percentage er‑
rors are problematic near zero and can compare series in economically misleading ways. For
a scaled error, calculate its scaling denominator from the training sample and state the bench‑
mark defining that scale.

If underprediction costs 𝑐𝑢 per unit and overprediction costs 𝑐𝑜, define

𝐿(𝑎, 𝑌 ) = 𝑐𝑢(𝑌 − 𝑎)+ + 𝑐𝑜(𝑎 − 𝑌 )+.

For a continuous conditional distribution𝐹 , differentiatingexpected losswith respect to𝑎gives
−𝑐𝑢[1 − 𝐹(𝑎)] + 𝑐𝑜𝐹(𝑎). The optimum satisfies

𝐹(𝑎) = 𝑐𝑢
𝑐𝑢 + 𝑐𝑜

.
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With 𝑐𝑢 = 3 and 𝑐𝑜 = 1, the preferred action is the conditional 75th percentile. An unbiased
conditional‑mean forecast can therefore be an inappropriate reserve decision. The distinction
is between estimating an outcomedistribution and choosing an action from that distribution.

Identify the uncertainty in an interval

For a known‑parameter stable AR(1), the ℎ‑step process variance is 𝑉ℎ = 𝜎2 ∑ℎ−1
𝑗=0 𝜙2𝑗.

Gaussian innovations give a conditional Gaussian forecast distribution, so an interval is
𝑌 ± 𝑧1−𝛼/2√𝑉ℎ.

There are several practical qualifications. Estimating parameters adds uncertainty; selecting a
model adds another layer; a future covariate may need its own forecast; a geographic measure
may be uncertain; and a structural break can invalidate the fitted process entirely. A normal
interval computed from a residual variance addresses only the assumptions included in that
calculation.

One possible approximation for a one‑step regression forecast adds the coefficient‑estimation
term:

𝜎̂2 [1 + 𝑥′
𝑡+1(𝑋′𝑋)−1𝑥𝑡+1] .

This formula assumes the usual homoskedastic regression conditions and treats the prediction
regressors appropriately. It is not a universal ARMA multi‑step interval. With dependence, a
simulation or bootstrap should preserve the relevant temporal structure and repeat the actual
fitting procedure. Resampling individual time rows indiscriminately destroys that structure.

Check intervals empirically. Record coverage, average width, and behavior in periods relevant
to the decision. High coverage from enormous intervals can be operationally unhelpful. Nar‑
row intervals with severe undercoverage misstate risk. For overlapping multi‑step targets, suc‑
cessive errors are dependent, so a binomial standard error is generally inappropriate without
addressing that dependence.

Compare paired errors

Let 𝑒𝐴,𝑡 and 𝑒𝐵,𝑡 be errors on identical targets. Analyze

𝑑𝑡 = 𝐿(𝑒𝐴,𝑡) − 𝐿(𝑒𝐵,𝑡).
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Anegativemean favors A for that loss and those targets. Pairingpreserves the fact that both fore‑
casts face the same difficult months. A standard error for 𝑑 must reflect serial dependence, in‑
cluding dependence from overlapping horizons and repeated estimation. A heteroskedasticity‑
and‑autocorrelation‑consistent estimateor a carefully designedblockbootstrap canbe suitable
under its assumptions.

The ratio 𝑑/ŝe(𝑑) is the test of equal predictive accuracy proposed by Diebold and Mariano
(1995), who treated the two forecast sequences as given. For ℎ‑step forecasts, 𝑑𝑡 inherits the
MA(ℎ − 1) dependence of overlapping errors described in the diagnostics section below, so
the HAC estimate should include at least ℎ − 1 lags. When a forecast is misspecified, as the
no‑change forecast is for the stationary AR(1) in this lecture’s laboratory, its errors and 𝑑𝑡 can
be dependent beyond lagℎ−1, andℎ−1 lags is then only a lower bound. TheBartlettweights
of Newey and West (1987) keep the estimate nonnegative.

Forecasts from estimated models add a complication. West (1996) showed that parameter esti‑
mation can contribute a term to the asymptotic variance of 𝑑. His results require that variance
to be positive, and that requirement fails when one model nests the other, which is the case
in this lecture: the no‑change forecast is the AR(1) with 𝑐 = 0 and 𝜙 = 1. Under the null of
equal population accuracy, the twonested forecasts coincide in population, the loss differential
degenerates, and the DM statistic does not have a standard normal limit. Clark and McCracken
(2001) and McCracken (2007) derive nonstandard critical values for such comparisons. Giaco‑
mini and White (2006) pose a different null: whether two forecasting methods, each including
its estimation window, have equal expected loss given the information available at the origin.
With an estimation window of fixed length, their test uses normal or chi‑squared critical values
for nested and non‑nestedmodels alike. An expanding window lies outside that framework.

Do not turn every small numerical difference into a superiority claim. The samplemay be short,
thedecisioncostsmaybepoorly specified, or the improvementmaydisappearwhen the release
lag changes. Report the size of the improvement and what it would change operationally. An
inconclusive comparison can justify retaining a transparent benchmark.

Diagnose the innovation sequence

Auseful residual audit askswhethermeanbias remains,whether lagged residuals predict future
residuals, whether squared residuals cluster, and whether errors differ across calendar periods
or geographic regimes. A Ljung–Box statistic has the form

𝑄 = 𝑛(𝑛 + 2)
𝑚

∑
𝑘=1

̂𝜌(𝑘)2

𝑛 − 𝑘.

Its approximate referencedistributiondependsonmodel fitting anddegrees‑of‑freedomadjust‑
ments. The statistic aggregates selected residual correlations; failing to reject does not prove
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independence or complete model correctness. Residual diagnostics complement later‑target
evaluation. They cannot substitute for it.

Apply the statistic to errors that a correct model would leave unpredictable. One‑step errors of
a correctly specified AR(1) are its innovations. An ℎ‑step error,

𝑒𝑡+ℎ|𝑡 =
ℎ−1
∑
𝑗=0

𝜙𝑗𝜀𝑡+ℎ−𝑗,

shares innovations with the errors issued at the ℎ − 1 preceding origins. It is an MA(ℎ − 1)
process, and its first ℎ − 1 autocorrelations are nonzero even when the model is exactly right.
For 𝜙 = 0.8 and ℎ = 4 they are 0.709, 0.454, and 0.221. Substituting them into 𝑄 with the
laboratory’s 237 four‑step errors gives about 182, far above 15.5, the 5%critical value of a𝜒2(8)
reference, althoughnothing ismisspecified. Forℎ‑step errors, either apply the diagnostic to the
one‑step errors of the sameprocedure or test only lagsℎ andbeyondwith a variance that allows
for the MA(ℎ − 1) structure.
For a correctly specified conditional‑meanmodel, systematic residual correlation with an avail‑
able predictor reveals a potential repair. The predictormust have been observable at the origin.
Regressing historical forecast errors on realized future weathermay explainmistakes retrospec‑
tively while supplying no feasible real‑time forecasting method.

Execute amatched comparison

The lecture’s code simulates an AR(1) with coefficient 0.8 and evaluates four‑step forecasts after
an initial 120 observations. It refits an intercept and persistence coefficient at every origin. The
naive competitor holds the latest observed value for all four steps. Both methods forecast the
same targets.

The shared realization gives an AR RMSE of about 1.530 and a naive RMSE of about 1.760. The
mean difference in squared loss favors the fitted AR procedure on this realization. This is a con‑
ditional teaching result, not a claim that autoregressions always dominate naive forecasts.

The code reports a Ljung–Box statistic of 𝑄(8) ≈ 224 for the four‑step errors, as the over‑
lap predicts, and 𝑄(8) ≈ 5.0 for the one‑step errors of the same rolling procedure, which
gives no evidence against the specification. It also reports the paired squared‑loss statistic with
three Bartlett lags, about −2.49. Because the comparison is nested and the window expands,
comparing that value with±1.96 is not justified by the results above; read it as a standardized
description of the loss difference.

The code also checks a plug‑in interval using the generating process variance while the point
forecast uses estimated coefficients. Its label explicitly describes the known‑parameter vari‑
ance component. The resulting coverage is diagnostic, not an exact nominal‑coverage theorem
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for the estimated procedure. Change the sample length and persistence to see where ignoring
estimation uncertainty becomesmore consequential.

Deliberately fit once using the entire series, then use those coefficients at every earlier origin.
Compare the apparent performance with the chronological version. The size of the distortion
will depend on the sample. Repair the procedure bymoving all fitting and transformation steps
inside the origin loop. Finally mutate every observation after a chosen origin and confirm that
the retained earlier forecast remains unchanged.

Worked problem and assignment preparation

At an origin with 100 training observations, a model produces four forecasts. The first targets
𝑡+1 and the last targets 𝑡+4. If your evaluation table labels themall with origin 𝑡, how should
you join actuals? Join the first to period 𝑡 + 1, the second to 𝑡 + 2, and so forth, keeping both
origin and target period. One actual can be the target of forecasts issued at several different
origins. Those are distinct forecasting tasks.

Suppose A has squared losses (1, 9, 4) and B has (4, 4, 9) on the same three targets. Their
mean losses are 14/3 and 17/3, so the pairedmean difference is−1. The three differences are
(−3, 5, −5); the ranking reverses on the second target. A report should show that heterogene‑
ity, identify the decision’s important regimes, and avoid treating three observations as strong
evidence of universal superiority.

For the first concept check, be prepared to derive an AR forecast, identify an inadmissible input,
and interpret a loss comparison. For Project 1, retain a forecast table with an explicit origin‑
target relationship and an unaltered benchmark. The project is now a reproducible decision
procedure, not only a fitted model.

Further reading

SeeForecasting: Principles andPracticeonpoint accuracy and residual diagnostics. Its forecast‑
ing with dynamic regression explains why future regressors also require forecasts. For paired‑
loss inference, read Diebold and Mariano (1995), West (1996), Clark and McCracken (2001), and
Giacomini and White (2006).
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Lecture 5: Signals, noisy measures, and
information‑preserving filters

The economic quantity and its indicator

Suppose𝑆𝑡 is an economic quantity of interest and the recorded indicator is

𝑌𝑡 = 𝑆𝑡 + 𝜈𝑡.

The measurement disturbance 𝜈𝑡 may represent reporting noise, sampling variation, a chang‑
ing collection instrument, or an imperfect operational definition. Calling it measurement error
does not imply it is independent of 𝑆𝑡, independent over time, mean zero, or constant in vari‑
ance. Each of those is an additional assumption.

Under the elementary assumptions of zero‑mean noise independent of the signal, Var(𝑌𝑡) =
Var(𝑆𝑡)+Var(𝜈𝑡). If noise is also independent acrossdates, positive‑lag covarianceof𝑌 equals
that of 𝑆, while the lag‑zero variance is larger. Consequently observed autocorrelations are
attenuated toward zero:

𝜌𝑌 (𝑘) = 𝜌𝑆(𝑘) Var(𝑆𝑡)
Var(𝑆𝑡) + Var(𝜈𝑡)

, 𝑘 > 0.

A less persistent observed indicator can therefore measure a persistent latent quantity noisily.
That explanation competes with a genuinely less persistent underlying process. One noisy indi‑
cator alone may not identify both components without additional structure.

Averaging trades noise reduction against responsiveness

Consider a trailing three‑period average,

𝑌𝑡 = 𝑌𝑡 + 𝑌𝑡−1 + 𝑌𝑡−2
3 .
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If the measurement disturbances are independent with variance 𝑟, their average contributes
𝑟/3 to this filtered measure’s variance. But the signal component becomes (𝑆𝑡 + 𝑆𝑡−1 +
𝑆𝑡−2)/3, which is not generally equal to 𝑆𝑡. Noise reduction is purchased by averaging across
potentially changing states.

For adeterministic ramp𝑆𝑡 = 𝑎+𝑏𝑡, the trailingaverage is𝑎+𝑏(𝑡−1). It lags the current state
by 𝑏. For a sudden jump, it adjusts over three observations. A lower variance does not establish
a better estimate of the current quantity when responsiveness matters to the decision.

Serially correlated measurement disturbances reduce the noise benefit. In general,

Var(𝜈𝑡 + 𝜈𝑡−1 + 𝜈𝑡−2
3 ) = 3𝑟 + 4𝛾𝜈(1) + 2𝛾𝜈(2)

9 .

The same covariance counting used for temporal aggregation applies. With perfectly persistent
noise, averaging does not eliminate it. If a reporting instrument changes, the filtered series can
blur a measurement break into an apparent economic transition.

Filtering and smoothing use different information

A filter estimates a current or past state using informationavailable up to its stateddecisiondate.
A smoother estimates a historical state using observations after that historical date. Both can
be useful. Their outputs answer different questions.

A centered five‑period moving average is

𝑌 𝑡 = 𝑌𝑡−2 + 𝑌𝑡−1 + 𝑌𝑡 + 𝑌𝑡+1 + 𝑌𝑡+2
5 .

It uses two future observations. It may describe a historical pattern more symmetrically than a
trailing average, but it was unavailable at date 𝑡. At the end of a sample, the centered measure
cannot be computed without padding, extrapolation, or shortening the window. Each choice
changes the endpoint behavior.

The distinction becomes especially important when constructing regressors. If a forecasting
model uses the centered measure at the historical origin, it imports future outcomes through
preprocessing. The regression formula may contain only variables labeled 𝑡; the information
violation is hidden inside their construction.

Seasonal adjustment and benchmark revisions can have similar effects. A series released as a
current indicator can be revised after future observations arrive. The latest adjusted history is
useful for retrospective analysis but may not be the measure available to an earlier forecaster.
Preserve the vintage or qualify the experiment.
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The Hodrick–Prescott filter, a widely used trend extraction in macroeconomics, is a two‑sided
smoother of this kind. Its trend at date 𝑡 depends on observations after 𝑡, so the estimate near
the end of a sample changes as later data arrive, and a cyclical gap computed from the full sam‑
ple was not available to a forecaster at the time. Hamilton (2018) documents these endpoint
revisions and the spurious dynamics the filter can create, and proposes a regression on lagged
values in its place. Applying the future‑mutation test below to an HP trend would expose the
problem directly.

A future‑mutation test

An algorithm producing 𝑆𝑡|𝑡 should satisfy a useful implementation invariant: replacing obser‑
vations after 𝑡must not change that output, when its fitted parameters andpast information are
held fixed. Formally, if two datasets agree through 𝑡, an admissible fixed‑parameter filter gives
the same value at 𝑡 on both.

This condition is necessary for the asserted information restriction. It is not sufficient for a good
estimator. A constant forecast passes themutation testwhile potentiallywasting nearly all avail‑
able information. A procedure may also leak through full‑sample estimated parameters even if
its final filtering recursion is one‑sided. Audit both parameter fitting and state updating.

In the laboratory, a latent AR(1) signal is observed with independent noise. We calculate a trail‑
ing three‑periodmean and a centered five‑periodmean. Thenwe add 100 to every observation
after index 120. The trailing value at 120 changes by zero. The centered value changes by 40,
because two of its five inputs have increased by 100.

The exact 40‑unit change is an arithmetic diagnostic of future dependence. It does not rely on
a significance test. The two filters have different window lengths, so their noise performance
should not be treated as a controlled comparison of centering alone. The experiment’s primary
purpose is to expose their information sets. For a controlled comparison of window placement,
use equal‑length trailing and centered windows and retain the same output target.

Measurement composition can resemble a dynamic change

Let 𝑌𝑡 = ∑𝑖 𝑤𝑖,𝑡𝑋𝑖,𝑡. Between dates,

𝑌𝑡 − 𝑌𝑡−1 = ∑
𝑖

𝑤𝑖,𝑡−1(𝑋𝑖,𝑡 − 𝑋𝑖,𝑡−1) + ∑
𝑖

(𝑤𝑖,𝑡 − 𝑤𝑖,𝑡−1)𝑋𝑖,𝑡.

The first term reflects within‑unit changes using previous weights. The second reflects chang‑
ing composition evaluated at current values. This decomposition is an accounting identity; it
assigns the interaction term according to the chosen timing convention. A different convention
can allocate that interaction differently without changing the total.
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An aggregate wage can rise when low‑wage workers leave the observed sample even if nobody
receives a wage increase. A regional temperature index can change when station inclusion
changes. A network index can change when links are redefined. A model that treats every
aggregate movement as a shock to a fixed population misinterprets the variable it observes.

Record the weight rule and test a fixed‑composition series when feasible. Compare the results
before deciding whether the dynamics changed. A repairedmeasurement specificationmay be
more valuable than a larger autoregressive model.

What can be learned frommultiple indicators?

If two indicators measure the same state with independent noises, their shared variation
can help isolate the state. For example, 𝑌1𝑡 = 𝑆𝑡 + 𝜈1𝑡 and 𝑌2𝑡 = 𝜆𝑆𝑡 + 𝜈2𝑡 imply
Cov(𝑌1𝑡, 𝑌2𝑡) = 𝜆 Var(𝑆𝑡) under the independence assumptions. Identifying the scale
requires a normalization or an external unit definition.

A principal component can summarize shared variation, but its weights maximize a statistical
criterion. Theydonot automatically define aneconomically validmeasure. The sign is arbitrary;
the scale depends on normalization; standardizing indicators changes the criterion. If a compo‑
nent is used for forecasting, estimate its transformations and weights on the training sample
and freeze them at the origin.

The core course uses explicit small measurement systems so these assumptions can be
inspected. Lecture 8 develops a scalar state‑space filter with specified variances. Estimating
high‑dimensional factors or unrestricted state‑space systems belongs to an extension after the
basic information and identification issues are understood.

Execute and revise themeasurement specification

Runch05. The synthetic realization’s raw indicator error relative to its knownstate has anRMSE
near 1.003; the trailing mean’s error is near 0.931. This improvement is specific to the chosen
signal persistence, noise variance, and sample. Increase the speed of signal movement or re‑
duce measurement noise; averaging can become less useful. Keep the output target fixed as
the current state while changing those conditions.

At a chosen date, record the raw value, filtered value, uncertainty claim, and admitted observa‑
tions. Apply the future‑mutation test. Then inspect the source to verify the exact input indices.
Draw the window on a timeline; that drawing should agree with the code in every language.

For Project 1’s prototype freeze, submit the measurement specification along with the model.
An auditor should be able to reconstruct the target and each regressor fromdocumented inputs.
A cleaner graph is insufficient evidence of a better measurement process.
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Worked problem

Suppose a true state follows 𝑆𝑡 = 0.8𝑆𝑡−1 + 𝜂𝑡, where Var(𝜂) = 0.36, and independent
measurement noise has variance 1. The stationary state variance is 0.36/(1 − 0.64) = 1. The
state lag‑one covariance is 0.8, while observed variance is 2. Hence observed lag‑one correla‑
tion is 0.4. Fitting a simple AR(1) directly to the observed series can produce a coefficient much
smaller than the latent persistence.

Now suppose the true state rises exactly two units per period and noise is absent. A trailing
three‑period average is two units below the current state. Its graph is smoother only in a triv‑
ial sense: it is an equally straight line displaced in time. A decision requiring the current state
should account for that delay.

The measurement ledger should specify which quantity is latent, what the observed indicator
contains, which assumptions permit separation, and whether the reported estimate is filtered
or smoothed. Those statements prepare the state‑space argumentwithout requiring a complex
estimator yet.

Further reading

QuantEcon’s Linear State Space Models connects latent states to observed variables. Hamilton
(2018) examines the information problems of the Hodrick–Prescott filter. NOAA’s geographic
climate series provide an applied setting in which spatial definitions matter.
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Lecture 6: Trends, unit roots, and
misleading level regressions

Two rising series can have different mechanisms

A deterministic‑trend model is 𝑌𝑡 = 𝑎 + 𝑏𝑡 + 𝑈𝑡, where 𝑈𝑡 is stationary. A stochastic‑trend
model is 𝑌𝑡 = 𝑌𝑡−1 + 𝑑 + 𝜀𝑡. Their graphs can both rise. Their responses to a shock differ
fundamentally.

In the first model, a disturbance to stationary 𝑈𝑡 eventually fades under stable dynamics and
the series returns toward its deterministic path. In the second, a shock permanently changes
the level of every future path. Subtracting a fitted line removes a deterministic trend under its
assumptions; it does not eliminate the accumulated innovations of a randomwalk.

For the randomwalk, iteration gives𝑌𝑡+ℎ = 𝑌𝑡 + ℎ𝑑 + ∑ℎ
𝑗=1 𝜀𝑡+𝑗. Its conditional forecast is

𝑌𝑡 + ℎ𝑑, and its known‑parameter error variance isℎ𝜎2. The forecast’s uncertainty growswith
the horizon. A stable AR forecast’s variance instead approaches a finite limit.

If a series is stationary after one difference but not stationary in levels, we call it integrated
of order one, 𝐼(1), subject to the stated definition and regularity conditions. An 𝐼(0) series
has stationary behavior in the relevant sense. Integration order is a statement about a process;
finite‑sample tests provide evidence about that statement, not certainty.

Differencing removes a unit root and can create dependence

Define Δ𝑌𝑡 = 𝑌𝑡 − 𝑌𝑡−1 = (1 − 𝐿)𝑌𝑡. A random walk with drift satisfies Δ𝑌𝑡 = 𝑑 + 𝜀𝑡.
The accumulated stochastic trend disappears, leaving innovations and drift.

Differencing an already stationary white‑noise series produces Δ𝑌𝑡 = 𝜀𝑡 − 𝜀𝑡−1, an MA(1)
with coefficient−1 under our sign convention. Its variance is 2𝜎2 and its lag‑one correlation is
−1/2. The root lies on the invertibility boundary. Over‑differencing can thereforemanufacture
a distinctive negative correlation and increase noise.

An ARIMA(𝑝, 𝑑, 𝑞) specifies a stationary ARMAmodel for (1 − 𝐿)𝑑𝑌𝑡. Forecast the differenced
series, then integrate predictions back to levels using the observed initial level. For 𝑑 = 1, a
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multi‑step level forecast is the current level plus the sum of forecast differences. Its error vari‑
ance requires covariances among those future difference errors; summing only their separate
variances can be wrong.

Seasonal differencing (1 − 𝐿12) targets a seasonal unit root. It is a different operation from
subtracting seasonal dummy effects or Fourier terms. Combining ordinary and seasonal differ‑
ences requires a substantive reason and diagnostics; the appearance of a repeating seasonal
pattern alone does not prove a seasonal unit root.

The Dickey–Fuller regression

Begin with 𝑌𝑡 = 𝑐 + 𝜙𝑌𝑡−1 + 𝜀𝑡 and subtract 𝑌𝑡−1:

Δ𝑌𝑡 = 𝑐 + 𝛿𝑌𝑡−1 + 𝜀𝑡, 𝛿 = 𝜙 − 1.

The unit‑root null is 𝛿 = 0; the stable positive‑persistence alternative has 𝛿 < 0. A DF statistic
is the fitted coefficient dividedby its estimated standard error. Under theunit‑root null, its distri‑
bution is not the usual regression Student distribution. The regressor accumulates innovations,
and the asymptotics involve functions of a stochastic path.

Deterministic terms matter. A regression without a constant, with a constant, and with a con‑
stant plus trendhavedifferent null distributions. Donotmove a critical value across these speci‑
fications. Choose deterministic terms from the economic question andmaintainedmodel, then
retain the correct reference distribution.

The augmented Dickey–Fuller regression adds lagged differences:

Δ𝑌𝑡 = 𝑐 + 𝑏𝑡 + 𝛿𝑌𝑡−1 +
𝑝

∑
𝑗=1

𝛾𝑗Δ𝑌𝑡−𝑗 + 𝑢𝑡.

The added terms address serial correlation under suitable conditions. Too few lags can leave
dependence in𝑢𝑡; toomany can reduce power. Record the lag‑selection rule and inspect resid‑
uals. Repeatedly trying deterministic terms and lags until a desired rejection appears changes
the testing exercise.

A failure to reject does not establish that the process has a unit root. Near‑unit stationary pro‑
cesses are hard to distinguish from unit‑root processes in a short sample. A rejection can also
be sensitive to a level break, trend break, or measurement change. Use the test with economic
reasoning and later‑target behavior.

The KPSS test of Kwiatkowski, Phillips, Schmidt, and Shin (1992) reverses the roles of the hy‑
potheses. Its null is stationarity around the chosen deterministic terms, and its alternative is
a unit root. It regresses 𝑌𝑡 on those terms, accumulates the residuals into partial sums 𝑆𝑡 =
∑𝑠≤𝑡 𝑢̂𝑠, and compares 𝑇 −2 ∑𝑡 𝑆2

𝑡 with an estimate of the residuals’ long‑run variance. Its
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null distribution is also nonstandard, it depends on the deterministic terms, and the long‑run
variance requires a bandwidth choice. Reading the two tests together is informative. When the
ADF test rejects and KPSS does not, the evidence favors stationarity; when KPSS rejects and the
ADF test does not, it favors a unit root. When both reject or neither does, the sample has not
settled the question, and a near‑unit root, a break, or an unsuitable bandwidth are candidate
explanations.

A finite‑sample simulation of the test

The laboratory generates independent unit‑root paths under a specified simple null: zero‑drift
Gaussian randomwalks initialized at zero. It fits a DF regressionwith an intercept, no trend, and
noaugmented lags. For sample sizes 80, 240, and720, it repeats the experiment 2,000 times and
records the proportion of statistics below−2.86.
That threshold is anapproximate conventional large‑sample5%reference for the intercept spec‑
ification. This simulation does not create a calibrated finite‑sample critical value for every appli‑
cation. Its purpose is to reveal the sampling variation in a claimed rejection rate and the effect
of sample size under this specific data‑generating process.

Independent replications require independent draws, and the way a simulation is seeded can
remove that independence without any visible error. The laboratory takes every path from one
Park–Miller streamwith a single documented seed and splits the stream into consecutive blocks
of 𝑛 draws. An earlier version of this laboratory reseeded replication 𝑖 with 515 + 𝑖, and that
scheme fails. The generator is multiplicative, so consecutive seeds produce first uniforms that
differ byonly48271/(231−1). Over the 200 former replications, the first Box–Muller pair there‑
fore always had a radius between 2.87 and 2.99, while its angle advanced by about 0.53 radians
from one seed to the next. Across replications, the first two innovations each had a standard
deviation of 2.07 instead of 1. The DF statistic with an intercept does not depend on the first
draw of a path, but it does depend on the second, which had about four times its intended vari‑
ance. Rejection rates computed thatway therefore described awalkwhose second step had the
wrong distribution, drawn in replications that were not independent. Another base seed does
not repair the scheme: seeds 2026 + 𝑖 over 2,000 replications give a first‑draw standard devia‑
tion of 1.64. The code now records the standard deviation of the first draw across replications,
which should be close to one, and the verification suite fails when it is not.

If ̂𝑝 is aMonte Carlo rejection proportion from𝑅 independent replications, its approximate sim‑
ulation standard error is

MCSE = √ ̂𝑝(1 − ̂𝑝)
𝑅 .

With 2,000 replications, a proportion near 0.05 has an MCSE of about 0.005; with 200 replica‑
tions it would be about 0.015, and differences of a few percentage points would be simulation
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noise. Increasing observations per replication and increasing replications address different un‑
certainties. The former changes the statistical experiment; the latter improves how accurately
the simulation describes it.

The sharedbaselineproduces rejection ratesof 0.060, 0.0515, and0.057at𝑛 = 80, 240, and720,
each with an MCSE of about 0.005. The reference script repeats the design with 200,000 repli‑
cations from NumPy’s generator and obtains 0.054, 0.052, and 0.050, with MCSEs near 0.0005.
Each course rate lieswithin 1.3 of itsMonteCarlo standard errors of the corresponding reference
rate. The small excess over 0.05 at 80 observations is a genuine finite‑sample effect: −2.86 is
an asymptotic critical value, and the 5% critical value for a sample of that length is slightlymore
negative. The differences among the course’s three rates are within simulation noise and say
nothing about how size varies with sample length.
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Figure 1: Dickey–Fuller size at the −2.86 reference: rejection proportions from2,000 replications
per sample size, drawn fromonestream,withapproximate95%MonteCarloerrorbars.

Dickey–Fuller size at the −2.86 reference: rejection proportions from 2,000 replications per sam‑
ple size, drawn from one stream, with approximate 95%Monte Carlo error bars.

Why independent randomwalks can appear related

Suppose 𝑋𝑡 = 𝑋𝑡−1 + 𝑣𝑡 and 𝑌𝑡 = 𝑌𝑡−1 + 𝑢𝑡, with independent innovation sequences.
Regressing𝑌𝑡 ona constant and𝑋𝑡 in levels can generatemisleading conventional significance.
Each regressor carries a highly persistent randompath. Usual stationary‑regression laws do not
justify the familiar standard‑error calculation.

A single realization need not show the problem. The course’s baseline pair has a levels 𝑅2 of
about 0.0013 and a slope 𝑡 statistic of about 0.69. We retain that outcome, because the warning
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concerns the distribution of the procedure across many samples. The laboratory therefore re‑
peats the experiment on 2,000 independent pairs of Gaussian walks for each sample size. The
nominal 5% two‑sided 𝑡 test of a zero slope in the levels regression rejects the true null in 74.8%,
84.4%, and 91.3% of replications at 𝑛 = 80, 240, and 720, with MCSEs of 1.0, 0.8, and 0.6
percentage points. After differencing, the same test rejects in 4.8%, 4.2%, and 5.0% of repli‑
cations, close to its nominal size. The reference script’s 200,000 replications give 73.7%, 84.8%,
and 91.2% in levels and 5.4%, 5.0%, and 5.0% in differences.

The false‑rejection rate rises with the sample. Granger and Newbold (1974) documented the
phenomenon by simulation, and Phillips (1986) explained it: in the levels regression the slope
estimate converges to a random variable, while the conventional 𝑡 statistic diverges at rate√𝑛.
More data make the misleading inference more confident.
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Figure 2: Proportion of 2,000 replications in which the nominal 5% t test rejects a zero slope for
independent Gaussian random walks, in levels and in first differences, with approxi‑
mate 95%Monte Carlo error bars.

Proportion of 2,000 replications in which the nominal 5% 𝑡 test rejects a zero slope for indepen‑
dent Gaussian random walks, in levels and in first differences, with approximate 95% Monte
Carlo error bars.

Differencing this example gives independent innovations, restoring the intended simple regres‑
sion setting. But differencing every economic pair indiscriminately can discard a genuine long‑
run relation. Lecture 11 will construct two 𝐼(1) series whose particular linear combination is
stationary. Cointegration is the structured exception that must be investigated rather than as‑
sumed.

41

https://doi.org/10.1016/0304-4076(74)90034-7
https://doi.org/10.1016/0304-4076(86)90001-1


Execute, break, and repair

Run ch06 and inspect df_stat and unit_root_monte_carlo in the full source. Verify
that the regression includes an intercept and that the reported statistic uses the lagged‑level
coefficient. Count the usable observations after differencing. The residual degrees of freedom
are the number of usable rowsminus the two fitted coefficients.

Deliberately compare the statistic with −1.96, the familiar normal threshold. Under this unit‑
root design, record how often that mistaken rule rejects. Restore the appropriate DF reference
and compare. The repair changes the inferential rule; it does not change the fitted coefficient.

Next generate a deterministic trend plus a stable AR disturbance. Compare detrending and dif‑
ferencing using the correct target definition. Detrending estimates deviations from a determin‑
istic path; differencing changes the series into period‑to‑period changes. Translate forecasts
back into the original outcome units before comparing losses.

Finally add a known level break. Report how much the conclusions change when that break
is represented explicitly. A unit‑root decision should not be used to hide an obvious change in
measurement or policy regime.

Worked problem and project audit

A randomwalk has drift 2, innovation variance 9, and current level 100. Its three‑period forecast
is 106 and its process‑error variance is 27. A stable ARmodel with innovation variance 9 can also
have a three‑period variance near 27whenpersistence is near one, but its long‑horizon variance
is finite if |𝜙| < 1. Short‑horizon similarity does not establish identical long‑run behavior.

For a stationary white‑noise series with variance 9, the differenced series has variance 18 and
lag‑one covariance −9. Its lag‑one correlation is −0.5. Seeing this pattern after differencing is
a reason to examine whether the transformation was needed.

During the prototype exchange, audit the partner’s choice of levels, differences, and determin‑
istic terms. Identify what observation would challenge that choice. A defensible audit can con‑
clude that the available sample does not resolve the distinction and recommend robust short‑
horizon benchmarks. It should not convert an inconclusive test into a confident declaration.

Sources

Dickey and Fuller (1979) derive unit‑root estimator distributions. Kwiatkowski, Phillips,
Schmidt, and Shin (1992) test the stationarity null. Granger and Newbold (1974) and Phillips
(1986) analyze spurious regressions. The practical ARIMA framework is discussed in Forecasting:
Principles and Practice.
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Lecture 7: Weather, seasonality, and
dynamic regression

An economic predictor does not eliminate temporal
dependence

Monthly electricity demand depends on weather, calendar patterns, customer counts, and eco‑
nomic activity. An autoregression summarizes persistence without representing those mecha‑
nisms explicitly. Dynamic regression adds predictors while retaining a model for unexplained
temporal variation:

𝑌𝑡 = 𝑥′
𝑡𝛽 + 𝜂𝑡, Φ(𝐿)𝜂𝑡 = Θ(𝐿)𝜀𝑡.

Here𝑥′
𝑡𝛽 represents the conditional regression component and 𝜂𝑡 is a serially correlated distur‑

bance. It is useful to reserve 𝜀𝑡 for the innovation after that dependence is removed. Treating
𝜂𝑡 as independent white noise would misstate the uncertainty and waste potential forecasting
information.

Different models can place dynamics in different locations. A regression on lagged outcomes
and predictors is not generally identical to a static predictor relation with ARMA errors. Their
coefficient interpretations and restrictions differ. Write the model in full before translating it to
a package formula.

Exogeneity also needs specification. For unbiased or consistent regression estimates, the re‑
quired relation between predictors and disturbances depends on the model and estimator. A
weather variable may be plausibly external to electricity demand, but aggregate economic pre‑
dictors can react to the same shocks as the outcome. A forecasting association does not estab‑
lish a causal demand response.

Represent seasonal patterns economically

For monthly observations, deterministic seasonality can be represented by eleven month indi‑
cators plus an intercept, or by Fourier terms
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sin(2𝜋𝑘𝑡
12 ) , cos(2𝜋𝑘𝑡

12 ) .

Low‑order Fourier terms produce a smooth repeating annual pattern with fewer parameters.
Month indicators allow a more flexible pattern at the cost of more coefficients. At the Nyquist
frequency for an even seasonal period, the sine term is identically zero and should be omitted;
redundant columns canmake the design rank deficient.

Calendar regressors are known in advance. A forecast for next July can use July’s indicator at
the origin. Actual next‑July temperature is not known. This is an important difference between
two variables both associated with seasonality.

A trend in customer count changes the scale of total demand. Modeling sales per customer an‑
swers a different question frommodeling total sales with customer count as a predictor. If you
transform the target, report forecasts and loss in the units the decision requires. A logarithm
can improve scale behavior, but exp(𝔼[log𝑌 ∣ ℐ]) is a conditional median under common
lognormal assumptions, not automatically the conditional mean of 𝑌 .

A nonlinear response to temperature

Heating and coolingmechanismsmotivate a piecewise linear response. For a temperaturemea‑
sure 𝑇𝑡 and reference 𝑇0,

𝐻𝑡 = (𝑇0 − 𝑇𝑡)+, 𝐶𝑡 = (𝑇𝑡 − 𝑇0)+,

with a regression component 𝛽𝐻𝐻𝑡 + 𝛽𝐶𝐶𝑡. Both slopes can be positive because unusually
cold and unusually hot conditions can raise electricity demand through different uses. The
threshold is a modeling choice; its interpretation depends on the measured temperature and
the energy technology.

The synthetic experiment uses these transformations of amonthly temperaturemeasure. In the
observed Texas case, the same transformations aremonthly‑temperature proxies. They are
not sums of daily heating and cooling degree days. A transformation of a monthly mean loses
information about the within‑month distribution; Lecture 1’s geographic example explains the
same noncommutation issue across places.

The research by Chang, Kim, Miller, Park, and Park (2016) models the temperature distribution
observed at a higher frequency and a functional demand response. It provides a substantive
motivation for treating the distribution of exposure as economically relevant. The introductory
piecewise regression here is a simpler teaching model. It does not reproduce that paper’s func‑
tional estimator or establish its empirical conclusions. Published article.
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Remove an AR(1) error through a transformation

Take the special case

𝑌𝑡 = 𝑥′
𝑡𝛽 + 𝜂𝑡, 𝜂𝑡 = 𝜌𝜂𝑡−1 + 𝜀𝑡.

Subtract 𝜌 times the lagged regression:

𝑌𝑡 − 𝜌𝑌𝑡−1 = (𝑥𝑡 − 𝜌𝑥𝑡−1)′𝛽 + 𝜀𝑡.

With known 𝜌, appropriate exogeneity, and constant innovation variance, this transformed re‑
gression removes the AR(1) disturbance dependence. The intercept column transforms from 1
to 1 − 𝜌; retaining a column of ones without accounting for this transformation changes the
intercept parameterization.

With unknown 𝜌, one feasible approach fits an initial regression, estimates an AR(1) on its resid‑
uals, and refits the transformed regression. This is a feasible GLS step. It need not be an exact
likelihood estimate, and a single step need not reach the optimum of a joint fitting procedure.
Its validity relies on the relevant assumptions and the consistency of the covariance estimate.

The code drops the first observation in the transformation. An alternative treatment can retain
it with a stationary initial‑state adjustment. Near a unit root, initial‑condition handling mat‑
ters more. Be explicit about which criterion and rows are used before comparing implementa‑
tions.

Inspect the transformed innovations afterward. If their ACF retains a seasonal pattern, the AR(1)
error model has not captured all residual dynamics. If squared innovations cluster, the condi‑
tional variance model may need revision. Increasing the mean‑model order is not necessarily
the correct repair for a variance problem.

Forecast predictors as well as outcomes

The ℎ‑step forecast combines a regression prediction and an error forecast:

𝑌𝑡+ℎ|𝑡 = ̂𝑥′
𝑡+ℎ|𝑡

̂𝛽 + ̂𝜂𝑡+ℎ|𝑡.

Knowncalendar inputs canbe inserteddirectly. Uncertainweatherandeconomic inputs require
forecasts, scenarios, or a model that uses only available lags. A prediction conditioned on a
stated hot‑weather scenario is legitimate; labeling it as an unconditional forecast with realized
future weather would misrepresent the information set.
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Uncertain predictors contribute to outcome uncertainty. In a simple setting with fixed coeffi‑
cients and a predictor forecast error 𝑣, the variance contribution is 𝛽′ Var(𝑣)𝛽, plus any rele‑
vant covariance with the outcome’s disturbance. Ignoring that term produces overly narrow
intervals when weather uncertainty is important.

The code’s hot and cold scenario values compare regression levels at fixed Fourier coordinates.
They omit an added forecast of the current residual state and do not assert a future weather
probability. Their names explicitly identify them as scenarios. To create a full operational fore‑
cast, add the admissible error‑state forecast and define the predictor information rule.

Execute, break, and repair

Run ch07. Its declared generating slopes are 0.8 for heating exposure and 1.2 for cooling expo‑
sure, and its error persistence is 0.6. The shared realizationestimates error persistencenear 0.62.
Feasible GLS produces slopes near 0.781 and 1.242. These results recover the broad response
in this controlled setting while retaining finite‑sample deviations.

Examine the source’s designmatrix. Verify that the Fourier inputs are known calendar functions,
that the intercept is transformed along with every other column, and that the same rows enter
both sides of the transformed regression. Compare the innovation ACF before and after the
repair. A small remaining lag‑one value is encouraging for this simulation but is not proof of
independence.

Break the procedure by adding actual future temperature to a historical forecast without a sce‑
nario label. Apply the origin’s availability rule and identify the inadmissible input. Repair it by
using a declared seasonal temperature expectation, a separately evaluatedweather forecast, or
laggedpredictors. Retain the resulting loss comparisoneven if performanceworsens: anhonest
operational forecast can be less accurate than an impossible retrospective one.

Worked problem and audit connection

Let 𝑌𝑡 = 10 + 2𝑋𝑡 + 𝜂𝑡 and 𝜌 = 0.5. If (𝑌𝑡, 𝑌𝑡−1) = (20, 16) and (𝑋𝑡, 𝑋𝑡−1) =
(4, 3), transformed outcome is 12 and transformed predictor is 2.5. The transformed intercept
is10(1−0.5) = 5, so the regression component is5+2(2.5) = 10. The transformed innova‑
tion is 2. Keeping an untransformed intercept of 10would produce thewrong decomposition.

Suppose the current fitted error is 3, its persistence is 0.5, and next month’s regression compo‑
nent under a stated weather scenario is 100. The one‑step scenario forecast is 100 + 0.5(3) =
101.5. At two steps, the residual‑state contribution is 0.52(3) = 0.75. The scenario’s weather
path must still be supplied separately.
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For Project 2, distinguish a misspecified error process from a predictor‑timing violation. Each
calls for a different repair. A reviewer should identify the exact affected forecast origins, explain
why the issue matters, and replicate the consequence using a controlled change.

Further reading

Forecasting: Principles and Practice on dynamic regression and forecasting with future regres‑
sors supply practical context. The temperature‑distribution motivation comes from Chang and
colleagues (2016).
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Lecture 8: Estimating a latent state as
observations arrive

Write the state and observationmechanisms separately

A scalar state‑space model is

𝑆𝑡 = 𝜙𝑆𝑡−1 + 𝜂𝑡, 𝑌𝑡 = 𝑆𝑡 + 𝜈𝑡,

where state innovations have variance 𝑞 and observation disturbances have variance 𝑟. In the
elementary Gaussian version, both disturbance sequences are independent over time and in‑
dependent of each other. The model separates an evolving economic quantity from a noisy
observation of it.

The core exercise treats 𝜙, 𝑞, 𝑟 as given. Estimating all three adds identification, optimization,
and initial‑state questions. Those are useful extensions, but a working filter should first be un‑
derstood with a transparent specified model. A smooth output alone cannot tell us whether its
variance parameters are economically defensible.

If the state and observation share the same unit, 𝑞 and 𝑟 have squared units. A model with ob‑
servation loading 𝜆would require consistent scaling: 𝑌𝑡 = 𝜆𝑆𝑡 + 𝜈𝑡. The loading establishes
how state units translate into indicator units. Without a normalization, latent scales can be ar‑
bitrary.

Predict the state before observing the new record

Let 𝑚𝑡−1 be the filtered mean of 𝑆𝑡−1 and 𝑃𝑡−1 its filtered variance, conditional on observa‑
tions through 𝑡 − 1. The transition equation gives the prior prediction

𝑎𝑡 = 𝜙𝑚𝑡−1, 𝑉𝑡 = 𝜙2𝑃𝑡−1 + 𝑞.

Theobservationprediction is also𝑎𝑡 because the loading isoneandobservationnoisehasmean
zero. Its prediction‑error variance is 𝑉𝑡 + 𝑟. Define the observation innovation 𝑣𝑡 = 𝑌𝑡 − 𝑎𝑡.
This is an error in predicting the observed indicator; it is different from the unobserved state
innovation 𝜂𝑡.
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The new observation contains information about the state because Cov(𝑆𝑡, 𝑌𝑡 ∣ ℐ𝑡−1) = 𝑉𝑡.
Under Gaussian conditioning, the state update is

𝐾𝑡 = 𝑉𝑡
𝑉𝑡 + 𝑟, 𝑚𝑡 = 𝑎𝑡 + 𝐾𝑡𝑣𝑡, 𝑃𝑡 = (1 − 𝐾𝑡)𝑉𝑡.

The Kalman gain 𝐾𝑡 is dimensionless and lies between zero and one when 𝑉𝑡 ≥ 0 and 𝑟 > 0.
A noisy indicator gets a small weight; a precise indicator gets a largeweight. The posteriormean
is a weighted combination of the prior state estimate and the new observation.

The variance update follows from the same conditional‑Gaussian formula: 𝑃𝑡 = 𝑉𝑡 −
𝑉 2

𝑡 /(𝑉𝑡 + 𝑟) = 𝑉𝑡𝑟/(𝑉𝑡 + 𝑟). It cannot exceed the prior variance. This is an analytic check
that an implementation should preserve up to floating‑point tolerance.

Check limiting cases

As 𝑟 → ∞,𝐾𝑡 → 0, and the observation contributes almost nothing. As 𝑟 → 0with positive
prior variance, 𝐾𝑡 → 1, the filtered state approaches the observed value, and posterior vari‑
ance approaches zero. If 𝑞 increases, the prior becomes less precise and the new observation
generally receives more weight.

If 𝜙 = 0, the prior state does not depend on the previous filtered state. If 𝑞 = 0, the state
evolves deterministically from its initial uncertainty; repeated observations can progressively
reduce uncertainty about that initial condition. Degenerate combinations require careful im‑
plementation to avoid division by zero or an unjustified stationary initialization.

For |𝜙| < 1, a stationary prior variance is 𝑞/(1 − 𝜙2). The supplied code initializes the previ‑
ous state mean at zero and variance at this stationary value, then applies the transition before
the first observation. That convention implies the same stationary prior variance at the first ob‑
servation. A diffuse prior or an economically informed initial state is a different specification.

Handle amissing observation by skipping its update

If 𝑌𝑡 is missing, the state still evolves. Calculate 𝑎𝑡 and 𝑉𝑡, then set 𝑚𝑡 = 𝑎𝑡 and 𝑃𝑡 = 𝑉𝑡.
There is no measurement update because no observation has arrived. Imputing 𝑌𝑡 = 0would
instead treat zero as a real observation and could pull the state sharply toward it.

A runofmissingobservations increasesuncertainty toward the transitionmodel’sunconditional
variance when the stable model applies. In an application, missingness may itself be informa‑
tive. A measurement system that fails preferentially during extreme events violates the simple
missing‑at‑random interpretation. The filter recursion can handle amissing input computation‑
ally while the underlying statistical assumptions remain questionable.
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The data clock still applies. If the observation describes period 𝑡 but arrives later, update the
modelwhen it becomes available, using a properly specified delayed‑observation system if nec‑
essary. Merely labeling it 𝑡 does not authorize an earlier update. The scalar exercise assumes
observations arrive in their sequence at the stated dates.

Retrospective smoothing uses the future

After observing the entire sequence through 𝑇 , a smoother estimates 𝑆𝑡 conditional on ℐ𝑇 .
Write its mean as 𝑚𝑡|𝑇 and its variance as 𝑃𝑡|𝑇 ; in this notation the filtered quantities 𝑚𝑡 and
𝑃𝑡 are 𝑚𝑡|𝑡 and 𝑃𝑡|𝑡. The scalar Rauch–Tung–Striebel recursion starts from 𝑚𝑇 |𝑇 = 𝑚𝑇 and
𝑃𝑇 |𝑇 = 𝑃𝑇 andmoves backward:

𝐽𝑡 = 𝑃𝑡𝜙
𝑉𝑡+1

, 𝑚𝑡|𝑇 = 𝑚𝑡 + 𝐽𝑡(𝑚𝑡+1|𝑇 − 𝑎𝑡+1),

𝑃𝑡|𝑇 = 𝑃𝑡 + 𝐽2
𝑡 (𝑃𝑡+1|𝑇 − 𝑉𝑡+1).

The backward correction uses what later observations reveal about earlier states. Under the
specifiedGaussianmodel, conditioning onmore observationsweakly reduces state uncertainty.
The code checks that each smoothed variance 𝑃𝑡|𝑇 is nonnegative and no larger than the cor‑
responding filtered variance𝑃𝑡. In the source, ms and Ps hold𝑚𝑡|𝑇 and𝑃𝑡|𝑇 .

A smoother can improve historical state estimation while being unavailable for a real‑time deci‑
sion at that historical date. This is themodel‑based counterpart to Lecture 5’s centered average.
Use filtered states to evaluate an earlier decision; use smoothed states to describe a retrospec‑
tive reconstruction with its later information set stated.

The innovation likelihood and its limits

With specified Gaussian parameters, observation innovations give a log‑likelihood contribu‑
tion

ℓ𝑡 = −1
2 [log(2𝜋) + log(𝑉𝑡 + 𝑟) + 𝑣2

𝑡
𝑉𝑡 + 𝑟] .

Summingover observeddates supplies a likelihoodobjective for parameter estimation. Missing
dates contribute no observation density while still changing the state prediction. Optimizing
this objective requires admissible variance parameters, an initial‑state convention, and checks
for local solutions.
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The standardized innovations 𝑣𝑡/√𝑉𝑡 + 𝑟 should have the assumed mean, variance, and de‑
pendence under a correctly specified model. Persistent correlation suggests missing state dy‑
namics; unusual tails suggest a distributional mismatch; a variance shift can reflect a changing
instrument or a changing state process. Estimating parameters does not eliminate the need to
inspect these implications.
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Figure 1: Known synthetic state, filter, and retrospective smoother. The shaded band uses the
specified Gaussian filter variance; one observation is deliberately missing.

Known synthetic state, filter, and retrospective smoother. The shaded band uses the specified
Gaussian filter variance; one observation is deliberately missing.

Execute and replicate independently

Run ch08. The generator uses 𝜙 = 0.8, 𝑞 = 0.25, and 𝑟 = 1, then deliberately removes one
observation. The shared realization gives filter RMSE around 0.562 and smoother RMSE around
0.496 against the known simulated state. This comparison is possible because the simulation
reveals its state; observed economic data generally do not.

The missing date’s filtered variance exceeds the preceding posterior variance. That result fol‑
lows from skipping the update in this setting; the exact magnitude depends on parameters and
prior uncertainty. Inspect the missing‑value branch in every implementation and confirm it
does not insert a zero observation.

Apply the future‑mutation test by adding 10 to observations after index 180. The filter at 180
remains unchanged. The smoother at 180 changes materially because its later information
changes. Freeze the parameter values during this comparison; otherwise a full‑sample parame‑
ter refit can also change earlier filtered estimates.
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Independently reproduce the first three updates by hand or in a short script before reading the
implementation’s output. On the course’s audit day, protect time for this replication. A student
whoonly reproduces the final graph has not demonstrated that the prediction andupdate steps
are understood.

Worked update and project repair

Suppose the prior state mean is 10 and variance is 4, observation variance is 1, and the new
indicator is 13. The gain is 4/(4 + 1) = 0.8, the posterior mean is 10 + 0.8(3) = 12.4, and
posterior variance is (1 − 0.8)4 = 0.8. The observation moves the state toward 13 but does
not eliminate uncertainty.

If observation variance instead equals 16, the gain is 4/20 = 0.2, posterior mean is 10.6, and
posterior variance is 3.2. The noisier observation contributes less information. If the observa‑
tion ismissing, thepriormean10andvariance4 remain the current estimateafter theprediction
step.

For Project 2, a measurement repair should state whether it changes the indicator, the state
transition, the observation variance, or the admitted information. Do not replace a centered
feature with a smoother and claim to have removed future dependence. An admissible repair
must preserve the appropriate decision clock.

Sources

Kalman (1960) is the foundational filtering paper. Rauch, Tung, and Striebel (1965) derive the
fixed‑interval smoother. QuantEcon’s linear state‑space lecture supplies a broader treatment.
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Lecture 9: Multivariate dynamics and
regional networks

Let several outcomes evolve together

A vector autoregression allows each series to depend on the histories of all included series. For
a two‑region VAR(1),

(𝑌1𝑡
𝑌2𝑡

) = (𝑐1
𝑐2

) + (𝑎11 𝑎12
𝑎21 𝑎22

) (𝑌1,𝑡−1
𝑌2,𝑡−1

) + (𝑢1𝑡
𝑢2𝑡

) .

The off‑diagonal entries describe predictive cross‑lags conditional on the system’s included his‑
tory. The disturbances can be correlated contemporaneously, with covariance matrix Σ. That
correlation allows shared surprises; it does not identify their economic sources.

A vector can combine regional outcomes, economic indicators, or related financial prices. Every
componentmust have a consistent time convention, transformation, and availability rule. Com‑
bining a monthly flow with a daily return by row position produces no meaningful multivariate
system. Choose a common frequency and describe the aggregation or sampling rule.

Dimensional consistency ismore demanding than in a univariate autoregression. If one compo‑
nent is in MWh and another is in dollars, 𝑎12 has MWh per dollar and 𝑎21 has dollars per MWh.
Rescaling a series changes these coefficients while retaining the equivalent economic predic‑
tion when the entire system is transformed consistently.

Solve thematrix recursion

Write 𝑌𝑡 = 𝑐 + 𝐴𝑌𝑡−1 + 𝑢𝑡. A stationary mean, when it exists, solves

𝜇 = (𝐼 − 𝐴)−1𝑐.

The centered process is𝑋𝑡 = 𝐴𝑋𝑡−1 + 𝑢𝑡. Iterating gives
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𝑋𝑡+ℎ = 𝐴ℎ𝑋𝑡 +
ℎ−1
∑
𝑗=0

𝐴𝑗𝑢𝑡+ℎ−𝑗.

The forecast is𝜇 + 𝐴ℎ(𝑌𝑡 − 𝜇) under the conditional‑mean restrictions. Its known‑parameter
covariance is

𝑉ℎ =
ℎ−1
∑
𝑗=0

𝐴𝑗Σ(𝐴𝑗)′.

For ℎ = 1, this equalsΣ. Each term is positive semidefinite whenΣ is, so the covariance accu‑
mulates valid nonnegative uncertainty. Covariance between forecast errors matters when the
decision concerns a regional total or a portfolio. Summing individual variances without cross‑
covariances can understate or overstate that aggregate risk.

For an aggregate 𝐺 = 𝑤′𝑌 , forecast‑error variance is 𝑤′𝑉ℎ𝑤. Its weights define the aggre‑
gate’s economic unit. A regional population‑weighted average and a sum of regional sales are
different objects even when they use the same underlying vector.

Stability depends on the system’s eigenvalues

The VAR(1) is stable when every eigenvalue of𝐴 lies inside the unit circle, equivalently its spec‑
tral radius is less than one. Small diagonal entries alone are insufficient. Cross‑lag feedback can
create persistence or instability.

For example,𝐴 = (0.6 0.5
0.5 0.6) has eigenvalues 1.1 and 0.1. Each own‑lag coefficient is 0.6, but

the common mode is explosive. In contrast, 𝐴 = ( 0.6 0.15
0.05 0.5 ) has eigenvalues inside the

circle. A disturbance canmove through cross‑lags while the system remains stable.

For a VAR(𝑝), stack the current vector and its 𝑝 − 1 lags into a companion state. Stability is a
condition on that companionmatrix. Checking only the separate lagmatricesmisses their joint
dynamics. Somesoftware reports inverse roots; verify its conventionbeforedecidingwhich side
of the unit circle indicates stability.

An estimated system can be unstable in a finite sample even when the generating process is
stable. If that occurs, diagnose the transformation, sample length, lag order, and possible in‑
tegrated components. Do not silently clip eigenvalues and present the resulting forecasts as
estimates from the original model.
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Estimate the reduced‑form system

For each date, the regressor row is [1, 𝑌 ′
𝑡−1]. Stack those rows into 𝑋 and subsequent vectors

into𝑌 . With identical regressors across equations, ordinary least squares estimates every equa‑
tion:

𝐵 = argmin
𝐵

‖𝑌 − 𝑋𝐵‖2
𝐹 .

Inour storageconvention, the first rowof𝐵 is the intercept and the remainingblock is𝐴′. Trans‑
posing the block recovers the column‑vector recursion. A transpose mistake can reverse direc‑
tional interpretations while leaving dimensions deceptively plausible.

Estimate disturbance covariance as Σ̂ = 𝑈 ′𝑈/(𝑛 − 𝑘), where𝑛 is the number of usable rows
and 𝑘 the number of regressors per equation. An ML convention uses denominator 𝑛; both are
legitimate if their names and comparisons are consistent. The parallel code uses the residual‑
degrees‑of‑freedom convention. Consistency of these estimates rests on the stability condition
above together with the ergodicity and innovation conditions discussed in Lecture 2.

Adding variables or lags quickly increases parameter count. A VAR with 𝑚 variables and 𝑝 lags
has𝑚(1 + 𝑚𝑝)mean parameters. A short monthly sample cannot support an arbitrarily large
network of unrestricted regressions. Keep the core system small and compare it with univari‑
ate benchmarks on matched origins. Choose 𝑝 inside the training window with an information
criterion from Lecture 3, replacing log 𝜎̂2 by log det Σ̂ and counting every mean parameter.

Does another region’s history predict this one?

The lecture’s question has a standard name. Series 2 does not Granger‑cause series 1, relative
to the variables in the system, when the past of series 2 does not reduce themean squared error
of the optimal linear forecast of series 1 given the past of series 1 (Granger 1969). In the VAR(1)
that is the restriction 𝑎12 = 0; in a VAR(𝑝) it sets the coefficients on every lag of series 2 in the
first equation to zero. When the system is stable, a Wald or 𝐹 test of those restrictions has its
usual large‑sample distribution under the conditions of the previous section. With integrated
or cointegrated levels its limiting distribution can be nonstandard.

The name invites misreading. Granger causality is incremental predictability within the chosen
information set. An omitted common factor, as in Lecture 10, can create it without any direct
channel, and a genuine channel can fail to appear at the sampling frequency. The laboratory
reports one Wald statistic for each excluded cross‑lag. The estimates are ̂𝑎12 = 0.089 and
̂𝑎21 = 0.103, against generating values of 0.15 and 0.05, and the statistics are 3.98 and 4.99

against a 5% 𝜒2(1) critical value of 3.84. Both tests reject, correctly, because both cross‑lags
are nonzero in the generating system; the larger estimate belongs to the smaller generating co‑
efficient, a reminder of how noisy cross‑lag estimates are at 600 observations.
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A known network imposes structure

Suppose a network matrix 𝑊 is specified from an external economic definition: spatial neigh‑
bors, supply‑chain links, or another documented connection. A simple network autoregression
can impose

𝐴 = 𝜌𝐼 + 𝜆𝑊.

This restriction uses two dynamic coefficients in place of an unrestricted 𝑚 × 𝑚 matrix. Its
valuedependsonwhether thenetwork ismeaningful for theeconomicmechanism. Anarbitrary
graph can impose a misleading restriction efficiently.

State whether rows or columns carry sourceweights, whether weights are normalized, whether
self‑links exist, and what a missing link means. With the column‑vector convention here,
(𝑊𝑌 )𝑖 = ∑𝑗 𝑊𝑖𝑗𝑌𝑗 is the input arriving at region 𝑖 from source 𝑗. Direction belongs in the
definition, not merely the graphic.

Stability depends on the eigenvalues of 𝜌𝐼 + 𝜆𝑊 . For a row‑stochastic 𝑊 , one eigenvalue
is one, so |𝜌 + 𝜆| < 1 is a necessary restriction for that common mode. Other modes still
require checking. If𝑊 changes, the system’s stability and interpretation can change even with
constant 𝜌 and 𝜆.
The core network exercise uses a synthetic two‑node connection with zero diagonal and unit
cross‑links. It is a teaching graph, not an estimated map of actual electricity transmission or
regional economic causality. An observed regional VAR supplies predictive associations; a sep‑
arately documented network supplies a hypothesized structure. Keep those roles distinct.

Execute, break, and repair

Run ch09. It simulates a stable two‑series system with correlated innovations and estimates a
reduced‑form VAR(1). The realized cross‑lag estimates differ from their generating coefficients,
while the estimated spectral radius remains below one. Compute the fitted one‑step prediction
by multiplying the matrix manually and compare it with the code.

Then reorder the two columns and fit again. Permute the coefficient matrix back to the original
ordering. The reduced‑form predictions should represent the same system up to numerical tol‑
erance. If they do not, check column indexing and the transpose convention before making an
economic claim.

Break the model by replacing the coefficient matrix with the unstable example above. Iterate a
deterministic initial disturbance with future innovations set to zero. Show the exploding com‑
monmode. Repair the interpretation by stating that this parameter set does not define the sta‑
ble process assumed in the moment formulas. A stable replacement requires an economically
justified constraint or a different model, not a cosmetic graph range.
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Worked problem and audit verdict

Let 𝐴 = (0.6 0.2
0.1 0.5), 𝑐 = 0, and 𝑌𝑡 = (10, 20)′. The one‑step forecast is (10, 11)′. The

two‑step forecast is 𝐴(10, 11)′ = (8.2, 6.5)′. The first region’s own past contributes 6 to its
one‑step forecast and the second region’s past contributes 4. Those predictive contributions
are not separately identified causal effects.

IfΣ = (4 1
1 9), the one‑step error variance of the regional sum is4+9+2(1) = 15. Ignoring

the covariance would report 13. A covariance of −1 would instead give 11. The sign of shared
surprises matters for an aggregate decision.

For the project audit, identify whether a regional comparison concerns prediction, network
propagation under a maintained structure, or an identified intervention. The reduced‑form
VAR answers the first question. Lecture 10 adds assumptions needed for the latter two and
shows why those assumptions cannot be read directly from an attractive impulse‑response
plot.

Sources

Sims (1980), Macroeconomics and Reality is a foundational VAR reference. Granger (1969) de‑
fines predictive causality. Statsmodels’ VAR documentation describes estimation and analysis
conventions.
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Lecture 10: What an impulse response can
claim

The disturbance is an unexplainedmovement

The reduced‑form VAR is 𝑌𝑡 = 𝑐 + 𝐴𝑌𝑡−1 + 𝑢𝑡, with Var(𝑢𝑡) = Σ. Its disturbance is the
movement that the included histories did not predict. It can combine several economic shocks,
omitted variables, measurement disturbances, and amodel’s misspecification.

A structural interpretation writes

𝑢𝑡 = 𝐵𝜀𝑡, 𝔼[𝜀𝑡𝜀′
𝑡] = 𝐼.

The structural shocks are normalized to unit variance and contemporaneously uncorrelated.
Their impact matrix 𝐵 determines how each shock moves the observed variables immediately.
The observed covariance supplies the restriction𝐵𝐵′ = Σ.

That restriction generally does not identify𝐵 uniquely. In a two‑variable system,𝐵 has four en‑
tries while symmetric Σ supplies three distinct covariance entries. Normalization is useful, but
additional substantive restrictions are needed. Assigning a column the name “regional trans‑
mission shock” does not supply one of those restrictions.

Derive the response conditional on an impact matrix

In a stable centered VAR(1),

𝑋𝑡 =
∞

∑
𝑗=0

𝐴𝑗𝑢𝑡−𝑗 =
∞

∑
𝑗=0

𝐴𝑗𝐵𝜀𝑡−𝑗.

A unit structural shock in component 𝑗 at date 𝑡 has response 𝐴ℎ𝐵𝑒𝑗 at horizon ℎ, holding
other shocks at zero. At impact, the response is 𝐵𝑒𝑗. At one period, it is 𝐴𝐵𝑒𝑗. Subsequent
propagation follows the estimated reduced‑form dynamics.
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These are model‑implied responses to a shock defined by 𝐵. Their economic interpretation
inherits the identification assumptions used to construct that matrix. A well‑estimated 𝐴 and
Σ can coexist with an unresolved economic shock interpretation.

A response can also be estimatedwithout iterating the fitted VAR. A local projection (Jordà 2005)
regresses 𝑌𝑡+ℎ directly on 𝑌𝑡 and any further lags, one regression for each horizon. In a VAR(1)
thehorizon‑ℎ coefficientmatrix estimates𝐴ℎ, andpost‑multiplying it by an impactmatrix gives
the response to the corresponding shock. Plagborg‑Møller andWolf (2021) show that local pro‑
jections and VARs with unrestricted lag lengths estimate the same population responses; in fi‑
nite samples a VAR with few lags imposes more structure, which lowers variance and can add
bias when the lag length is too short. The identification problem is unchanged: a local projec‑
tion still needs𝐵 or an external measure of the shock.

Shock normalization affects scale. A one‑standard‑deviation shock, a shock normalized to
move the first variable by one unit, and a shock normalized to a one‑percent policy change
produce differently scaled responses. State the normalization and outcome units on ev‑
ery response graph. An apparently large cross‑region response can reflect a large shock
normalization rather than a stronger economic mechanism.

Cholesky decomposition chooses a recursive system

Forapositive‑definiteΣ, a lower‑triangularCholesky factor𝐿 satisfies𝐿𝐿′ = Σ. Using𝐵 = 𝐿
imposes a recursive impact structure. In two variables,

𝐿 = (ℓ11 0
ℓ21 ℓ22

) .

The first variable does not respond immediately to the second structural shock; the second can
respond immediately to both. This asymmetry is an identification assumption. It does not fol‑
lowmerely from placing the first variable first in a data file.

Reversing variable order produces a different recursive restriction. Both factorizations repro‑
duce the same covariance after the appropriate permutation back to the original variables.
Their impact responses can differ. Variable ordering is therefore part of the economic argument,
not an innocuous plotting option.

In a monthly regional system, an immediate‑zero restriction may be implausible if markets ad‑
just within days. At a daily frequency, another timing restriction may be more plausible, but
measurement and release timing become more demanding. Identification should match the
time interval over which “immediate” is defined.
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Orthogonal rotations expose the ambiguity

Let𝑄 be any orthogonal matrix, so𝑄𝑄′ = 𝐼 . If𝐵 is a valid covariance factor, then

(𝐵𝑄)(𝐵𝑄)′ = 𝐵𝑄𝑄′𝐵′ = 𝐵𝐵′ = Σ.

An entire family of impactmatrices therefore agreeswith the same reduced‑form covariance. In
two dimensions, a rotation can be written

𝑄(𝜔) = (cos𝜔 − sin𝜔
sin𝜔 cos𝜔 ) .

Changing𝜔 changes themixture called each shock while preserving covariance. If the reduced‑
form disturbances are jointly Gaussian, covariance‑preserving orthogonal rotations also pre‑
serve their Gaussian distribution. Additional non‑Gaussian distributional structure can supply
different identifying information, but it must be specified and defended.

This calculation is a counterexample to the claim that a positive‑definite covariance matrix
uniquely reveals economic shocks. It is exact linear algebra. More observations can estimateΣ
more precisely; they do not remove this unrestricted rotation by themselves.

Common shocks and network propagation can look similar

Two regions may move together because a disturbance propagates through economic links.
They may also respond to a common national shock, share measurement practices, or react
to an omitted input. Predictive cross‑lags alone do not resolve these alternatives.

A knownnetworkmatrix can impose economicallymeaningful structure, but the network needs
its own provenance. Geographic adjacency is not necessarily an electricity‑transmission rela‑
tionship; a trade link is not necessarily a causal channel at the chosen frequency. A network
based on contemporaneous outcome correlations can also encode the same common shocks it
is being used to explain.

Consider an omitted common factor 𝐹𝑡 affecting both regions with persistence. Each region’s
lagged outcome can predict the other’s future because it contains information about 𝐹𝑡. An
unrestricted VAR may report cross‑lags even when there is no direct region‑to‑region transmis‑
sion. A causal claim requires a strategy separating the shared factor fromthehypothesizedchan‑
nel.

Useful identifying information can come from institutional timing, externally measured shocks,
instruments, sign restrictions, or restrictions on long‑run effects. Each introduces assumptions
beyond the reduced‑form fit. The course’s core exercise does not estimate all these methods;
it equips you to state what an identified method must add and what evidence could challenge
it.
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Statistical and identification uncertainty are different

Sampling uncertainty concerns how estimated responses vary across samples under a main‑
tained model and identifying restriction. A residual bootstrap can estimate that variation if its
resampling scheme respects the assumed disturbance structure and refits the full procedure.
Near instability, small samples, andmodel selection complicate the approximation.

Identificationuncertainty concerns thedifferent responses compatiblewith credible alternative
restrictions. A narrow sampling band around a Cholesky response does not show that its order‑
ing is correct. Report sensitivity toplausibleorderingsorother admissible restrictionsalongside
sampling uncertainty. If the key substantive conclusion changes across those alternatives, the
economic claim should narrow.

Forecasting can remain useful even when structural identification is unresolved. A predictive
systemmay support reserve planning while being insufficient to estimate the effect of an inter‑
vention. The model’s action recommendation should match the evidence it supplies.

Execute the covariance counterexample

Run ch10. The source fits the same synthetic two‑variable VAR as Lecture 9. It obtains a lower‑
triangular factor, reverses the variable order and factors again, then constructs a rotation by
angle 0.5 radians. All three impact matrices reproduce the same reduced‑form covariance to
numerical tolerance.

The first recursive ordering produces a nonzero immediate response of the second variable to
the first shock. Under the reversed recursive restriction, that corresponding impact is zero. The
rotated factor yields a third value. Those discrepancies are the experiment’s point: covariance
agreement does not imply agreement about economic shock effects.

The code also estimates the four‑period response of the second variable to the first Cholesky
shock in two ways. Iterating the fitted VAR gives 0.116; a local projection with the same impact
matrix gives 0.063. The generating system’s value is 0.087. Both estimators target that number
and both miss it in this single sample, so one realization cannot rank them; comparing their
dispersion would require repeated samples.

The code asserts covariance reconstruction for both recursive factorizations. Inspect those tests
before inspecting the response values. A failed reconstruction indicates a computational error;
successful reconstruction followedbydifferent responses indicates the identification ambiguity
we intended to demonstrate.
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Break a causal story and repair the claim

Write a paragraph interpreting the first Cholesky shock as an intervention in region one. State
the immediate exclusion restriction needed for that interpretation. Then reverse the ordering
and retain the same reduced‑form data. Identify which sentence in the original paragraph is no
longer supported.

Repair the paragraph in one of two defensible ways. Supply credible external identifying in‑
formation and state its assumptions, or narrow the paragraph to a model‑based predictive re‑
sponse under a declared recursive ordering. A repair that merely changes the plotted color or
shock label has not addressed identification.

For theaudit verdict, separate replicationerrors, informationviolations, andunidentifiedcausal
claims. A partner can have executable code and honest forecasts while overinterpreting a re‑
sponse. Your evidence should identify that precise problem and its consequence for the pro‑
posed action.

Worked decomposition

Suppose Σ = (4 2
2 5). A lower‑triangular factor is 𝐿 = (2 0

1 2), because 𝐿𝐿′ = Σ. Un‑

der this ordering, the first unit‑variance shock moves variable one by 2 and variable two by 1
immediately. The secondmoves only variable two, by 2.

Rotate by 90 degrees using 𝑄 = (0 −1
1 0 ). The new factor is 𝐿𝑄 = (0 −2

2 −1). Its covari‑

ance remainsΣ, but its first shock has a completely different impact pattern. This rotation is an
algebraic demonstration, not a recommendation to identify shocks arbitrarily.

Your ledger should retain the shock definition, normalization, identifying restriction, plausible
alternative, and the decision that remains defensible under that alternative. Lecture 11 turns
to a different multivariate restriction: a stable long‑run combination of individually integrated
variables.

Sources

Sims (1980) motivates the distinction between a system’s estimated dynamics and economic
restrictions. Jordà (2005) introduces local projections, and Plagborg‑Møller and Wolf (2021) re‑
late them to VAR responses. Kilian and Lütkepohl (2017) survey structural VAR identification.
The Statsmodels impulse‑response documentation states its default Cholesky convention and
covariance‑factor requirement.
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Lecture 11: A stable relation between
moving levels

Integrated levels can share a stationary combination

Let𝑋𝑡 be a randomwalk and let𝑍𝑡 be stationary. Define

𝑌𝑡 = 𝛽𝑋𝑡 + 𝑍𝑡.

Both𝑋 and𝑌 can be 𝐼(1), yet𝑌𝑡 −𝛽𝑋𝑡 = 𝑍𝑡 is 𝐼(0). The vector is cointegrated: a particular
linear combination removes the shared stochastic trend. This is a restriction on joint behavior
that is absent from the independent randomwalks in Lecture 6.

An economically motivated spread can arise between related prices, exchange‑rate compo‑
nents, or quantities connected by a long‑run accounting or adjustment relation. The economic
reasoning proposes a candidate relation; the data and model assumptions determine whether
it is credible. A high level‑regression𝑅2 alone does not establish cointegration.

Units matter. If 𝑌 and 𝑋 have different units, 𝛽 converts units so the spread is defined coher‑
ently. In log‑price models, the coefficient may describe proportional long‑run movement. A
coefficient estimated on nominal values can change when currency units change even though
the equivalent relationship remains intact.

Derive an error‑correctionmodel from a controlledmechanism

Suppose

𝑋𝑡 = 𝑋𝑡−1 + 𝑣𝑡, 𝑍𝑡 = 𝜌𝑍𝑡−1 + 𝜂𝑡, |𝜌| < 1,

and 𝑌𝑡 = 𝛽𝑋𝑡 + 𝑍𝑡. Subtract lagged 𝑌 :

Δ𝑌𝑡 = 𝛽Δ𝑋𝑡 + (𝜌 − 1)𝑍𝑡−1 + 𝜂𝑡.

Replace𝑍𝑡−1 by 𝑌𝑡−1 − 𝛽𝑋𝑡−1:
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Δ𝑌𝑡 = 𝛼(𝑌𝑡−1 − 𝛽𝑋𝑡−1) + 𝛽Δ𝑋𝑡 + 𝜂𝑡, 𝛼 = 𝜌 − 1.

This is an error‑correction representation. A positive spread predicts a decline in 𝑌 relative to
the shared trend when 𝛼 < 0. The lagged deviation supplies information lost by a regression
containing only changes.

The derivation also supplies a stability restriction. Here 𝜌 = 1 + 𝛼, so |1 + 𝛼| < 1, or −2 <
𝛼 < 0, makes the spread stable. A negative adjustment coefficient alone is insufficient: 𝛼 =
−3 implies𝜌 = −2, an explosive alternatingdeviation. An adjustment coefficient between−1
and zero givesmonotonemean reversion; between−2and−1gives oscillatingmean reversion
in this simple setting.

In a generalmultivariate system, several variables can adjust to the deviation. Then the relevant
stability condition involves the combined adjustment and cointegrating vectors, not only one
equation’s coefficient. Keep the scalar example’s restrictionwithin themodel fromwhich it was
derived.

The long‑run and short‑run coefficients need notmatch

The constructedmechanismmakes the coefficient onΔ𝑋𝑡 equal to the long‑run coefficient 𝛽.
A more general single‑equation ECM is

Δ𝑌𝑡 = 𝑐 + 𝛼(𝑌𝑡−1 − 𝑎 − 𝛽𝑋𝑡−1) + ∑
𝑗

𝛾𝑗Δ𝑌𝑡−𝑗 + ∑
𝑗

𝛿𝑗Δ𝑋𝑡−𝑗 + 𝑢𝑡.

Its short‑run response coefficients need not equal the long‑run relation. Additional lags can rep‑
resent delayed adjustment, while deterministic terms specify the equilibrium relation and drift.
Define whether an intercept or trend belongs inside the cointegrating combination or outside it
in the change equation; those choices impose different restrictions.

An equilibrium error is a model‑defined deviation, not proof that market forces must eliminate
it profitably. Transaction costs, structural changes, and unmodeled risk can affect both the rela‑
tion and the interpretation. A stable statistical spread does not automatically create a tradable
strategy after costs.

Estimate carefully and use the correct residual test

A basic two‑step procedure estimates a long‑run level relation and then uses its residual in an
ECM. Under cointegration and suitable assumptions, the level slope has a distinctive conver‑
gence rate. Familiar stationary‑regression standard errors are not automatically valid for every
inferential claim in that first step.
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Residual‑based cointegration testing also requires a different reference distribution from an or‑
dinary unit‑root test on an observed series. The residual was constructed using estimated long‑
run coefficients. Applying an ordinary DF critical value directly to that estimated residual can
overstate evidence for cointegration.

Deterministic terms, sample size, lag augmentation, and the number of variables affect the test
specification. Use an implementation that documents the relevant cointegration test and retain
its settings. The core laboratory deliberately avoids claiming a cointegration‑test p‑value from
its plain residual regression. It constructs cointegration by design, then studies estimation and
adjustment behavior.

For an applied case, examinewhether each level plausibly has the required integrationbehavior
and whether the proposed spread is stable. Investigate breaks in the economic relation and
data definitions. Do not infer a stable equilibrium merely because a single test rejects in one
conveniently selected window.

A vector error‑correction representation

A VAR in levels can be rewritten

Δ𝑌𝑡 = Π𝑌𝑡−1 +
𝑝−1
∑
𝑗=1

Γ𝑗Δ𝑌𝑡−𝑗 + 𝑢𝑡.

For rank 𝑟 with 0 < 𝑟 < 𝑚, write Π = 𝛼𝛽′. Columns of 𝛽 describe 𝑟 cointegrating combina‑
tions; columnsof𝛼describehowvariables adjust to them. The factorizationhasnormalizations
because𝛼𝛽′ is unchanged by appropriate invertible transformations of those factors.

This connectsmultivariate dynamics to the common‑trend restriction. Full‑rankΠ corresponds
to a stationary level system in the appropriate setting; zero rank removes the error‑correction
term. Determining rankandestimatinga full Johansen systemrequires additionalmaterial. The
core course stays with a transparent bivariate relation and uses thematrix form to explain what
a system extension would add.

Forecast changes and return to levels

An ECM forecast combines the current equilibrium deviation, lagged changes, and admissible
forecasts of future inputs. In the simple constructedmodel, if𝔼[Δ𝑋𝑡+1 ∣ ℐ𝑡] = 0,

Δ̂𝑌 𝑡+1|𝑡 = 𝛼𝑍𝑡, 𝑌𝑡+1|𝑡 = 𝑌𝑡 + 𝛼𝑍𝑡.
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Using realized futureΔ𝑋 supplies a conditional retrospective calculation, not anunconditional
origin‑time forecast. Forecast the input, specify a scenario, or model the system jointly. Uncer‑
tainty in the long‑run relation and input forecast contributes to predictive uncertainty.

A forecast in changes must be evaluated in the correct target units. If the decision concerns the
price level, reconstruct the level from the known current price. A model can predict changes
modestly while still improving an economically important spread or level forecast; define the
loss accordingly.
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Figure 1: Two simulated integrated levels share a stationary spreadby construction. This design
supplies the truth; empirical cointegration requires investigation.

Two simulated integrated levels share a stationary spread by construction. This design supplies
the truth; empirical cointegration requires investigation.

Execute and test the adjustmentmechanism

Run ch11. The common trend is a simulated random walk; the true slope is 1.5; the spread
follows an AR(1) with coefficient 0.5. Thus the generating adjustment coefficient is −0.5. The
shared realization estimates the long‑run slope near 1.503 and adjustment near−0.506.
Inspect the fitted spread, its variance, and its lag‑one persistence. Compare the ECM’s residu‑
als with those of a regression in changes that omits the equilibrium error. The latter discards
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an available predictive component in this constructed setting. Verify that the lagged spread is
paired with the subsequent change, not with a change that precedes it.

Break the system by replacing the stationary spread with a second independent random walk.
The resulting level relation no longer has the same constructed equilibrium. A finite sample
may still look suggestive. Repeat the experiment and use the appropriate inferential framework
before asserting a long‑run relation. Repair the claim by narrowing it to the supported joint
behavior or changing the model after documented evidence.

Worked problem and revision decision

Let the equilibrium relation be 𝑌 = 2𝑋, and suppose 𝑌𝑡 = 110, 𝑋𝑡 = 50, and 𝛼 = −0.25.
The deviation is 10. If the expected next change in𝑋 is zero, the predicted change in𝑌 is−2.5
and thepredicted level is 107.5. If expectedΔ𝑋 is 3 and its short‑runcoefficient is 1.5, predicted
change becomes−2.5 + 4.5 = 2, giving level 112.
The long‑run coefficient 2 and short‑run coefficient 1.5 answer different questions. A ledger that
records only “the effect of X is 2” suppresses that distinction. Record the equilibrium definition,
adjustment rule, input forecast, and the loss relevant to the decision.

Project 3 begins with a later data release. If the release challenges a claimed long‑run relation,
the response can be to revise the relation, retain a simpler procedure, or retire the model. Evi‑
dence that a historical spread was stable does not guarantee its future stability.

Sources

Engle and Granger (1987) develop cointegration and error‑correction representations.
Statsmodels’ VECM documentation describes the matrix form and deterministic‑term con‑
ventions.
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Lecture 12: Predictable risk with an
unpredictable return

The conditional mean and conditional variance can behave
differently

Let a return be 𝑅𝑡 = 𝜇𝑡 + 𝑢𝑡, with 𝔼[𝑢𝑡 ∣ ℐ𝑡−1] = 0. Zero predictable mean does not imply
constant risk. Write

𝑢𝑡 = √ℎ𝑡𝑧𝑡, 𝔼[𝑧𝑡 ∣ ℐ𝑡−1] = 0, 𝔼[𝑧2
𝑡 ∣ ℐ𝑡−1] = 1.

Then ℎ𝑡 = Var(𝑢𝑡 ∣ ℐ𝑡−1). It is known at the forecast origin under the specified variance
recursion, while the next standardized shock is not. A sequence can have little autocorrelation
in returns and appreciable dependence in squared returns.

Financial returns provide a familiar application, but the distinction also matters for economic
quantities whose uncertainty changes across seasons, regimes, or measurement systems. A
larger meanmodel does not automatically explain conditional variance dynamics.

Before estimating volatility, define the return. A decimal return of 0.01 is a one‑percent return;
a percentage‑point return of 1 represents the same change on a different numerical scale. Log
returns and simple returns are also different transformations. State the definition and use it
consistently in means, variances, and risk thresholds.

ARCH and GARCH recursions

An ARCH(1) variance is ℎ𝑡 = 𝜔 + 𝛼𝑢2
𝑡−1. A GARCH(1,1) adds lagged variance:

ℎ𝑡 = 𝜔 + 𝛼𝑢2
𝑡−1 + 𝛽ℎ𝑡−1.

Sufficient elementary restrictions for positive conditional variance are 𝜔 > 0, 𝛼 ≥ 0, and
𝛽 ≥ 0. For a finite unconditional second moment in the standard model, impose 𝛼 + 𝛽 < 1.
Strict stationarity can have a different condition involving an expected log; the finite‑variance
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restriction used here is stronger than some stationarity conditions and should be named accu‑
rately.

The units agree: ℎ,𝑢2, and𝜔 have squared return units;𝛼 and𝛽 are dimensionless. The lagged
squared error updates risk after a large realized surprise, while the lagged variance carries pre‑
viously assessed risk forward.

Taking expectations under a finite stationary secondmoment gives

ℎ = 𝜔 + (𝛼 + 𝛽)ℎ, ℎ = 𝜔
1 − 𝛼 − 𝛽.

As𝛼 + 𝛽 approaches onewith fixed𝜔, unconditional variance increases. At the boundary, that
finite‑variance formula no longer applies. A routine that reports a negative unconditional vari‑
ance for an inadmissible parameter set has failed a basic domain check.

Forecast conditional variance

At date 𝑡, after observing 𝑢𝑡, the one‑step variance forecast is

ℎ𝑡+1|𝑡 = 𝜔 + 𝛼𝑢2
𝑡 + 𝛽ℎ𝑡.

For later horizons, use𝔼[𝑢2
𝑡+𝑗 ∣ ℐ𝑡] = ℎ𝑡+𝑗|𝑡 under the model. This yields

ℎ𝑡+𝑘|𝑡 = ℎ + (𝛼 + 𝛽)𝑘−1(ℎ𝑡+1|𝑡 − ℎ), 𝑘 ≥ 1.

Variance reverts toward its long‑run level at persistence 𝛼 + 𝛽. At 𝑘 = 1, the exponent is zero
and the expression returns the known one‑step forecast. If𝛼 = 𝛽 = 0, risk is constant at𝜔.

Variance of a multi‑period cumulative return is the sum of the conditional variance forecasts
when the mean‑adjusted returns form the required martingale‑difference sequence and cross‑
covariances vanish. The square‑root‑of‑time rule requires constant per‑period variance and
the appropriate independence or orthogonality assumptions. Applying it mechanically during
changing volatility canmisstate multi‑period risk.
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Estimate a declared objective

Under conditional Gaussianity, the negative log‑likelihood apart from constants is

𝑄(𝜃) = 1
2 ∑

𝑡
[logℎ𝑡(𝜃) + 𝑢2

𝑡
ℎ𝑡(𝜃)] .

The supplied codeminimizes the average expressionwithout the factor one‑half over adeclared
admissible grid. Multiplying an objective by a positive constant does not change its minimizer.
The grid estimator is coarse and transparent; it is not a substitute for a carefully checked contin‑
uous optimizer when precise estimation is required.

Under suitable conditions, Gaussianquasi‑likelihoodcanestimate varianceparameterswithout
exactly Gaussian innovations. Standard errors then require the appropriate robust treatment.
The core grid example supplies no maximum‑likelihood standard errors and makes no inferen‑
tial claim based on a Hessian it has not computed.

The variance recursion is initialized at its candidate unconditional variance. Alternative back‑
casts or initial values can change short‑sample objectives. Retain the initial rule, estimation
dates, mean‑model treatment, convergence diagnostics, and parameter restrictionswhen com‑
paring package outputs.

A risk quantile needs a distribution

If 𝑧𝑡+1 is standard normal and the conditional mean is 𝜇𝑡+1, the conditional return quantile
is

𝑞𝑝 = 𝜇𝑡+1 + √ℎ𝑡+1|𝑡 Φ−1(𝑝).

For 𝑝 = 0.05, the standard‑normal multiplier is approximately −1.645. A variance forecast
alone does not establish that tail quantile. Heavy‑tailed or asymmetric standardized shocks
require a different distributional model or a justified empirical quantile procedure.

Value at Risk needs a sign and loss convention. A negative return quantile can correspond to a
positive loss threshold. Define whether the reported object is a return, a dollar loss, or a portfo‑
lio loss; identify the horizon and confidence level. Expected shortfall is a different tail summary
and cannot be inferred by merely renaming the same quantile.

Evaluate risk forecasts using actual subsequent outcomes. Count and date threshold ex‑
ceedances; inspect clustering as well as their overall frequency. A model can have the desired
average exception rate while failing during the periods when risk decisions matter most.
Repeatedly changing a threshold after inspecting its exceptions invalidates a clean later‑target
comparison.
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Scaling is an exact audit

If returns are rescaled as 𝑢∗
𝑡 = 𝑎𝑢𝑡, an equivalent variance model has

ℎ∗
𝑡 = 𝑎2ℎ𝑡, 𝜔∗ = 𝑎2𝜔, 𝛼∗ = 𝛼, 𝛽∗ = 𝛽.

Moving from percentage‑point returns to decimal returns sets 𝑎 = 0.01, so variance and 𝜔
divide by 10,000. Standard deviations and quantiles divide by 100. A failure of these transfor‑
mations reveals a units error independent of whether the model fits well.

The code tests this identity directly using the same residuals andparameters. It alsodeliberately
presents an inadmissible parameter set with 𝛼 + 𝛽 > 1 and checks that the finite‑variance
routine rejects it. These tests establish computational invariants. They do not establish that the
fitted variance model describes real financial markets.
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Figure 1: Simulated returns and their generating conditional variance. Return surprises can be
unpredictable while risk varies.

Simulated returns and their generating conditional variance. Return surprises can be unpre‑
dictable while risk varies.
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Execute, break, and repair

Run ch12. The synthetic process has 𝜔 = 0.1, 𝛼 = 0.1, and 𝛽 = 0.8, giving unconditional
variance one. The declared coarse grid selects (0.2, 0.1, 0.7) on this realization. Including the
true parameters in a finite‑sample grid does not guarantee that they will minimize the realized
objective.

The squared‑return lag‑one correlation is around 0.151, while the squared standardized‑
residual correlation is around 0.012. This is consistent with the fitted variance recursion
removing much of the visible clustering in the chosen realization. Inspect additional lags and
tail behavior before treating that diagnostic as a complete verdict.

Break the risk calculation by usingℎ𝑡 in place ofℎ𝑡+1|𝑡 after the latest residual has arrived. The
mistake ignores the newest variance update. Repair it with the one‑step recursion and com‑
pare the threshold. Then divide returns by 100 without rescaling 𝜔; identify the resulting units
inconsistency and correct it.

Worked risk forecast and audit repair

Let 𝜔 = 0.2, 𝛼 = 0.1, 𝛽 = 0.8, current variance ℎ𝑡 = 2, and current residual 𝑢𝑡 = 3 in
percentage points. Next variance is 0.2+0.1(9)+0.8(2) = 2.7, and next standard deviation
is

√
2.7 ≈ 1.643 percentage points. Under a zero‑mean normal specification, the 5% return

quantile is approximately−2.703 percentage points.

Long‑run variance is 0.2/(1 − 0.9) = 2. The two‑step variance forecast is 2 + 0.9(2.7 −
2) = 2.63. Themodel expects risk todecline gradually fromtheelevated current forecast. With
decimal‑return units, next variance is 0.00027 and the quantile is approximately−0.02703.
Project 2’s repair can address a variance error without changing the entire mean model. Show
which risk decision changes and which assumptions remain unresolved. Project 3 should eval‑
uate the repaired procedure on later outcomes, preserving the loss and threshold rules chosen
before the continuation data are examined.

Sources

Bollerslev (1986) introducesGARCH. Thearchpackage’s official volatility‑model documentation
describes mean, variance, and distribution components.
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Lecture 13: When themodel or the
measurement changes

Amodel’s usefulness has a date

A forecasting procedure can be appropriate for one period and unreliable later. The underlying
economic relation can change, the measurement instrument can change, or the decision can
change. These are different reasons to revisit the procedure.

Anexpandingwindowusesa fixed startingdateandaccumulatesobservations. If a stablemodel
is correct,moreobservations can improve estimationprecision. If older observationsdescribe a
different regime, that sameaccumulation cananchor estimates toanobsolete relation. A rolling
windowdiscards older information, allowing faster adaptation at the cost of fewer observations
and greater estimation variation.

Neitherwindow is universally preferable. Their comparison concerns the tradeoffbetween sam‑
plingprecisionand relevanceofpastdata. That tradeoffdependson the rateand formof change,
the available sample, the model, and the decision loss.

Record an intended review schedule andanevidence‑based retirement rule before deployment.
Examples include an unrecoverable target‑definition change, repeated forecast failures, sus‑
tained benchmark underperformance of economically meaningful size, or an identified input
becoming unavailable. A model should not survive only because its original report was persua‑
sive.

Write a break into themechanism

The controlled experiment uses

𝑌𝑡 = 𝜙𝑡𝑌𝑡−1 + 𝜀𝑡, 𝜙𝑡 = {0.8, 𝑡 < 300,
−0.4, 𝑡 ≥ 300.

The first regime has positive persistence; the second has alternating, quickly decaying depen‑
dence. The change is known to the experiment’s designer. The forecasting procedures do not
receive the generating coefficients; they fit their declared windows at each origin.
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In an empirical application, a break date may be uncertain. Selecting a date after inspecting
the entire sample adds selection uncertainty and changes the inferential question. A historical
break analysis and a sequential detector answer different questions: the former can use later
observations to locate past change, while the latter must decide when change has become de‑
tectable.

This lecture does not treat a retrospective chosen date as a real‑time detection result. It asks
a narrower controlled question: how do two already specified estimation procedures behave
after a change in the generating dynamics?

Bias and variance in amoving environment

In a stable AR process, a long window contains many relevant transitions. After a break, an ex‑
pandingestimatormixes transitions generatedby twodifferent coefficients. Its fitted coefficient
can converge toward a weighted compromise over the observation mix rather than the current
regime’s coefficient.

A rolling estimator eventually contains only current‑regime transitions, provided its window is
shorter than the elapsed time since the break. Immediately after the break, however, it also
contains old observations. The shorter window can react faster while remaining noisy. It may
overreact to a run of unusual innovations even when no regime has changed.

The forecast consequences depend on the current level. A coefficient errormultiplied by a large
current deviation can create a large prediction error. A small coefficient change canmatter eco‑
nomicallywhen theactionhasasymmetric costs. Report loss in theaction’s relevantunits rather
than treating coefficient stability as the only criterion.

Compare the same post‑change targets

The source compares anexpandingAR(1) andanAR(1) fittedon themost recent 80observations.
Both refit each period and forecast the same subsequent targets. Evaluation begins after 330
observations, so thedesign gives theprocedures an initial post‑breakadaptationperiod. It does
not measure their performance on the first surprise at the break itself.

That choice must be disclosed. A decision maker concerned with immediate disruption would
also examine the transition targets and the first detection delay. A decision maker concerned
with ongoing operation after the disruption could reasonably study the later window. The eval‑
uation dates determine which question the reported losses answer.

For squared loss, retain paired differences

𝑑𝑡 = 𝑒2
rolling,𝑡 − 𝑒2

expanding,𝑡.
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Their mean describes the realized advantage of the rolling procedure on those targets. Depen‑
dence in𝑑𝑡 complicates a standarderror. Thecodealsogroups consecutivedifferences intonon‑
overlapping blocks of ten and calculates the standard error of blockmeans. This is a descriptive
dependence‑aware approximation at a short sample, not an automatic valid test under every
break process. Lecture 4’s frameworks clarify why. The Giacomini–White framework supports
normal or chi‑squared inference for methods estimated on rolling windows of fixed length, but
the expanding procedure here falls outside it. The Diebold–Mariano and West results assume a
covariance‑stationary loss differential, and a break that keeps moving the expanding estimate
violates that assumption. The block and HAC standard errors therefore remain descriptive for
this comparison.

Vary the block length and report sensitivity. Longer blocks can better retain dependence while
providing fewer effective blocks. A narrow uncertainty estimate based on a single convenient
block length should not decide a major model replacement by itself.

Ameasurement break can imitate an economic break

Suppose the economic state𝑆𝑡 is stable but the indicator changes from𝑌𝑡 = 𝑆𝑡 + 𝜈𝑡 to𝑌𝑡 =
𝑎 + 𝑏𝑆𝑡 + 𝜈𝑡. A fitted autoregression can appear to change even though the latent economic
dynamics have not. A new scale alters coefficients and forecast units; a new offset changes the
mean; changing measurement noise changes apparent persistence.

Investigate metadata before changing the dynamics. Did geographic boundaries change? Did
the provider redefine a sector? Did missing observations become zeros? Did the weighting
scheme or seasonal adjustment change? An economic explanation and a measurement expla‑
nation can require very different repairs.

A documented conversion or crosswalk may restore comparability. A genuinely new economic
regime may require a new model. If the old and new target cannot be reconciled, retire the
historical series for the original task and define a new target. Extending a line through an incom‑
patible definition does not create continuity.

Provider discontinuation is another operational issue. Amodel depending on a retired indicator
cannot keep producing the same forecast without a substitute information source. An alterna‑
tivemeasure needs its own validation; replacing amissing columnwith a similarly named series
can change the economic construct.

Separatemonitoring from repeatedmodel selection

A monitoring system records performance, input availability, and model failures as outcomes
arrive. A replacement process defines candidate repairs and evaluates them on an appropri‑
ate later boundary. If every surprising observation leads to a newmodel selected on all recent
errors, apparent improvements can reflect repeated adaptation to noise.
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Retainmodel versionsand thedates their rulesbecameactive. Preserve thepredictionsactually
issued. Recomputing historical predictions after every revision creates a revised backtest, not
a record of deployment performance. The argument ledger should keep both the old decision
and the new reasoning.

A practical review can produce three defensible actions: retain the current procedure, revise a
specified component, or retire it and use a fallback. “Retain” is a substantive conclusion when
theproposed repair lacks reliablebenefit. “Retire” is appropriatewhen the targetor information
assumptions no longer support use.
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Figure 1: A designed persistence change, with its date known to the simulator. This figure is not
a real‑time break detector.

A designed persistence change, with its date known to the simulator. This figure is not a real‑
time break detector.

Execute, break, and repair

Run ch13. The shared realization estimates early persistence near 0.776 and late persistence
near−0.372, reflecting the designed change. On the stated later targets, the rolling procedure
has RMSE around 1.055 and the expanding procedure around 1.430. The paired loss difference
favors the rolling procedure in this setting.

Now remove the break by keeping the generating coefficient at 0.8 throughout. Compare the
same two window rules without changing the evaluation dates. The rolling procedure’s advan‑
tage need not remain. This is the essential negative control: a repair tailored to change can
sacrifice precision when the process is stable.

Next move the break date and change its magnitude. Retain a small declared grid of sample
sizes and window lengths. Record replication means and Monte Carlo uncertainty, including

76



cases in which the ranking reverses. A course experiment should expose the conditions under
which an argument fails, not only the example in which it succeeds.

Worked review decision

A deployed model’s mean monthly cost is 100 units over the review window, and a proposed
repair has cost 97 on exactly the same targets. The numerical improvement is three units. If
implementation costs are ten units per month, replacement is unattractive under that simple
cost accounting even before statistical uncertainty is considered.

If the existing model’s required input disappears, the decision changes: its nominal historic ac‑
curacy does not restore feasibility. A less accurate but available fallbackmay become the defen‑
sible action. The ledger should identify feasibility and cost as separate dimensions.

For Project 3’s prototype, state which assumption the later release challenges and which repair
addresses it. A revised pipeline should change only the components justified by evidence, pre‑
serving the comparison needed to assess the repair. Freeze that procedure before the continu‑
ation outcomes are examined.

Further reading

Forecasting: Principles and Practice on evaluation supplies the comparison framework.
Provider‑specific changes should be verified against the original dataset’s documentation
rather than inferred from its graph alone.
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Lecture 14: Freeze a revision before its next
test

Revision is a new empirical argument

Project 1 built a forecasting procedure. Project 2 investigated its assumptions and implementa‑
tion. Project 3 uses a later release to decide whether to retain, revise, or retire that procedure.
The final comparisonmust distinguish evidence used to propose the repair from evidence used
to evaluate it.

Divide the sequence into development data, a later repair period, and a continuation period.
Development establishes candidate methods and conventions. The repair period can reveal
failures andmotivate changes. The continuation period evaluates the frozen revised procedure.
Once continuation outcomes influence another selection, they are no longer an untouched con‑
tinuation test for that revised procedure.

This is a temporal separation, not a magic guarantee. A continuation period can be short or
unrepresentative. Future conditions can change again. The design makes the evidence easier
to interpret by preserving a clear boundary between choosing a method and assessing its next
use.

Freeze the procedure, including its update rule

A freeze records the target, availability rule, transformations, candidate family, selected tuning
values, estimation window, update schedule, fallback behavior, loss, and evaluation dates. It
also records code and data hashes. Another analyst should be able to execute the same rule
without guessing what the author intended.

A frozen procedure can still refit coefficients as newobservations arrive if its update rulewas de‑
clared before the continuation test. Freezing an algorithm is different from fixing every numeric
coefficient forever. The distinction must be explicit: a rolling‑window AR that refits monthly is
a fixed procedure with changing fitted parameters.

For the course’s continuation exercise, future outcomes may enter training only after their de‑
clared availability date. The refitting rule cannot use them earlier. A continuation forecast
should be reproducible from the information snapshot at its origin, even after later outcomes
have arrived.
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Fallback rules also belong in the freeze. If rank failure, missing inputs, or nonfinite output pre‑
vents a model forecast, use the declared benchmark or abstain according to the task. Retain a
failure flag. A method that succeeds only when difficult targets are omitted should not receive
an inflated performance score.

Selection, evaluation, and repeated choices

Suppose three window lengths are compared on validation targets. Choose one using the
declared loss and a declared tie rule. The minimum validation loss is optimistically selected
from noisy alternatives; it is not an unbiased estimate of the chosen procedure’s future
performance.

Evaluate the retained window on the later continuation targets. Keep the benchmark and tar‑
get set fixed. If the continuation ranking differs from validation, report the difference. Do not
return to the candidate table and select the window that would have won the continuation pe‑
riod while labeling the result as the original forecast.

There is no universal number of model comparisons that makes a test invalid. The important
issue is what information shaped the choice. Record the candidate list and its expansion his‑
tory. Abroadexploratory search canbeuseful, but itswinningbacktest needs anewassessment
boundary.

Reproduce the data as well as themodel

A reproducibility bundle should include a data dictionary, provider links, retrieval date, fixed in‑
put files or lawful retrieval instructions, transformation rules, executable source, environment
requirements, outputs, and verification results. A seed alone cannot reproduce data down‑
loaded from a changing endpoint.

For thisbook, synthetic fixtureshaveadocumentedgeneratorand filehash. TheobservedTexas
extract has provider‑file hashes, output hash, units, selection rules, and vintage limitations. The
complete project can run from those frozen files without contacting an API.

The recorded temperature is a statewide monthly mean, and its nonlinear transforms are prox‑
ies for heating and cooling exposure. Reproducibility cannot repair a construct mismatch; it
makes the mismatch visible so it can be investigated. A perfectly reproduced incorrect target
remains incorrect.

Cross‑language agreement supplies another audit layer. The R, Julia, and Python implementa‑
tions share inputs and conventions, then comparenumerical quantities. Agreement can expose
indexing or sign mistakes in one implementation. It cannot prove a maintained economic as‑
sumption shared by all three. Preserve analytic identities and deliberately broken cases along‑
side parity checks.
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Write a decisionmemowith a bounded claim

Begin thememowith the action justified by the evidence: retain the benchmark, adopt a stated
repair, or retire the model. Then name the target and information rule, the audit finding, the
repair, and its continuation result. State the practical consequence in the relevant loss units.

An effective memo distinguishes observations from assumptions. “The later sample shows
higher error in summer” is a data result. “The increase reflects changing cooling technology” is
a substantive explanation requiring additional evidence. “We will test a temperature‑response
revision” is a proposed action. Combining all three into a causal conclusion overstates what
the audit establishes.

Report material unresolved issues where they affect the action. A forecast conditioned on as‑
sumed weather should be labeled accordingly. A small improvement over a short continuation
period should not be presented as durable dominance. A retirement decision can be correct
even when an alternative model has not yet been found.

Execute the frozen‑window experiment

Run ch14. Its controlled series follows an AR(1) with coefficient 0.65, then experiences a four‑
unit level shift after observation 300. Candidate windows are 40, 80, and 160. Validation uses
the earlier sequence through 300, with forecasts beginning after 240 observations. The shared
realization selects window 160.

The selected window is retained for the later continuation comparison. The procedure refits
within that window as observations arrive; it does not reconsider the window length using con‑
tinuation losses. Continuation evaluation begins after 340 observations, yielding 80 one‑step
targets. The interval between the shift and that evaluation is an adaptation period included in
available history, not a claim of performance on the first break outcome.

On the shared realization, the selected procedure’s continuation RMSE is about 1.022 and the
naive forecast’s is about 1.039. That modest difference is much smaller than the advantage in
Lecture 13’s different break design. A useful book retains both outcomes. A revision argument
should not manufacture a dramatic win where the experiment produces only a small one.

Break the boundary and repair the record

Deliberately choose a window using the continuation losses. Compare the resulting minimum
with the originally frozen procedure’s loss. The selected minimum can improve mechanically
even if none of the candidate methods has become intrinsically better. Label that calculation a
retrospective selection exercise.
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Repair the evaluation by restoring the earlier selection and keeping the continuation segment
untouchedby further choice. If youdecide a second revision is neededafter seeing continuation
outcomes, open a new ledger entry and define a subsequent evaluation boundary. Retain the
failed or inconclusive first result.

Now mutate every target after a chosen origin. Re‑execute that origin’s forecast with its origi‑
nal training snapshot. Its value must remain unchanged. If it changes, inspect preprocessing,
imputation, tuning, and cached fitted objects for future dependence. The freeze’s source hash
identifies the procedure to audit; the mutation test examines its information restriction.

Worked selection example

Threemethods have validation losses 8, 7, and 9, so the declared rule selects the second. Their
continuation losses are 10, 12, and 8. The frozen method’s continuation loss is 12. The best
retrospective continuation choice has loss 8, but it is the third method, chosen using the test
outcomes.

A report claiming “our selection procedure achieved continuation loss 8” is wrong. The actual
selection procedure achieved 12. The continuation datamaymotivate a new proposal, but that
proposal needs another evaluation. This distinction survives even if all calculations are correct
and all code runs.

Suppose the frozen model’s forecast fails on one target and its declared fallback is seasonal
naive. The continuation loss includes that fallback forecast and a failure flag. Removing the row
would change the procedure being evaluated. A method’s operational reliability belongs in its
result.

Final project deliverables

The final project combines the revised source, freeze record, continuation forecast table,
matched benchmark comparison, and individual defense. A team report states the shared
procedure. Each individual explains a specific assumption, calculation, repair, and implication
without relying on another member to interpret the evidence.

The semester’s outcome is a chainofdefensibledecisions: a targetdefined, amodel derivedand
implemented, an audit replicated, a repair frozen, and an action evaluated on later evidence.
Lecture 15 tests whether that reasoning transfers when the dataset, units, or economic story
changes.
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Further reading

QuantEcon and Jupyter Book demonstrate executable teaching and reproducible publishing.
Model Cards for Model Reporting motivates explicit documentation of uses and limits.
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Lecture 15: Defend a forecast in an
unfamiliar setting

Begin again with the economic object

An unfamiliar dataset invites familiar software. Resist choosing a model before defining what
its outputwouldmean. Askwhat decision is beingmade, which quantitymatters, what its units
and geography are, when its records become available, and what loss the action creates.

The same observed pattern can support different models under different mechanisms. Persis‑
tencecan reflect statedynamics, noisymeasurement, temporal aggregation, an integrated level,
or a shared regional factor. A graph alone does not choose among those explanations. The
model’s derivation andmaintained assumptions make the distinction explicit.

The final exercise asks you to carry that reasoning into a new setting. You may know every for‑
mula in the course and still fail the task by using tomorrow’s observation today, confusing a flow
with a stock, or interpreting a predictive link as an intervention effect. Those errors occur before
or after estimation; accurate computation does not neutralize them.

Use invariants to find errors quickly

An invariant is a relationship that should survive a declared transformation. If a linear forecast‑
ing procedure is implemented consistently, rescaling the outcome by 𝑎 should rescale its level
forecasts by 𝑎. Forecast variances should scale by 𝑎2. Dimensionless persistence parameters
should remain equivalent under the corresponding model transformation.

If a fixed‑origin procedure uses only the admitted past, changing later observations must leave
its earlier forecast unchanged. If a reduced‑form VAR is reordered and correctly permuted back,
it should represent the same reduced‑form prediction. Structural Cholesky interpretations can
change under ordering because the identifying restriction changes.

These are different invariants. Reduced‑form permutation equivalence does not imply
structural‑ordering invariance. A smoother intentionally fails a past‑state future‑mutation test
because its stated information set includes later observations. Use an invariant that matches
the procedure’s claim.
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Rank failure is another quick diagnostic. A regression with two identical columns cannot
uniquely estimate two separate coefficients. Detect the redundancy and change the parame‑
terization before presenting estimates. A numerical solver returning one possible coefficient
vector does not create separate identification.

Return to the forecast‑error decomposition

For a stable linear process with known parameters, forecast uncertainty arises from future in‑
novations. For an AR(1), 𝑉ℎ = 𝜎2 ∑ℎ−1

𝑗=0 𝜙2𝑗. For a random walk, 𝑉ℎ = ℎ𝜎2. For a VAR,

𝑉ℎ = ∑ℎ−1
𝑗=0 𝐴𝑗Σ(𝐴𝑗)′. For a conditional‑volatility process, the relevant variance changes

with the information at the origin.

Each formula encodes a different mechanism. A stable univariate process has bounded long‑
horizon process variance. An integrated process accumulates uncertainty. A vector process
carries cross‑covariances. A GARCH process uses the latest return surprise to update risk. Rec‑
ognizing the mechanism matters more than memorizing which package command prints an
interval.

Estimation uncertainty, predictor uncertainty, measurement uncertainty, and model selection
can add further layers. State which layers your calculation addresses. A simple interval with a
precise label canbemoreuseful than anelaborate intervalwhose information andassumptions
are unclear.

Choose a repair that addresses the finding

Suppose amodel’s errors are biased upward. Amean or intercept correction can be a candidate
repair if the bias is stable and its estimated correction is admissible at future origins. If errors
remain serially correlated, a dynamicmean or error model can be considered. If squared errors
cluster, investigate conditional variance. If the target definition changes, repair the measure‑
ment or redefine the task.

If the audit finds future information in a centered regressor, increasing lag order does not re‑
move it. Replace the regressor construction with an admissible one and reevaluate. If the audit
finds an unidentified structural interpretation, improving forecast RMSE does not identify the
causal effect. Add credible identifying information or narrow the claim.

If a proposed repair has no reliable benefit on later targets, retaining the existing procedure is
an evidence‑based action. If an input is unavailable or the target has become incompatiblewith
its history, retirementmay be necessary even before another model is ready. A decision should
follow the actual failure mode.
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A regional financial example

Imaginemonthly lending activity across two regions, a financial spread, andaweathermeasure.
A planner asks whether a shock in one region raises lending risk in the other. The data may
support a forecasting question: does the other region’s history improve a later risk prediction?
They may not support the intervention question without additional identification.

Define lending as a flow or stock, specify how the financial spread is constructed, and align re‑
lease dates. If a spread combines individually integrated prices, investigate a cointegrating re‑
lation rather than assuming its stability. If the risk measure is a volatility forecast, use return or
residual units coherently. If weather measures regional exposure, state its spatial weights and
transformation order.

A small VAR can summarize joint predictive dynamics. A state‑space model can distinguish
a latent quantity from a noisy indicator under specified measurement assumptions. A condi‑
tional variance model can describe time‑varying risk. Combining models does not automati‑
cally strengthen the argument: every extra component introduces assumptions and a need for
data supporting them.

Choose the smallest procedure that answers the defined task defensibly. The result may be a
benchmark plus awell‑labeled scenario, not a unifiedmodel of every variable. This is a substan‑
tive modeling choice rather than a lack of ambition.

Execute the final audit battery

Run ch15. It fits a linear AR forecast on a fixed training prefix, rescales the outcome by 100, and
checks that dividing the rescaled forecast by 100 recovers the original. It then changes every
later observation by 1,000 and verifies that the earlier forecast does not move.

The code compares the analytic horizon‑one and horizon‑twelve variances of a random walk
with innovation varianceone: 1 and12. A zero‑persistenceARhas varianceone at either horizon.
Those boundary values distinguish accumulating innovations from independent level observa‑
tions.

It deliberately supplies a rank‑deficient regression and checks that the implementation reports
failure. These checks run in all three languages on identical inputs. A language‑specific fail‑
ure indicates an implementation issue; agreement supplies evidence of consistent conventions.
The economic assumptions still require your defense.

Extend thebattery to yourproject. Usea test that canactually fail: mutate future targets, change
units, create a missing required input, or reverse an asserted link direction. Predict the result
before running. If your supposed invariance fails, identify whether the procedure’s claim or the
implementation is wrong.
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An individual defense

You should be able to explain the project without beginning with software. State the decision
and target. Derive the relevant forecast or variance relation. Identify the admitted information.
Explain one calculation in the implementation. State the audit finding and why the repair ad‑
dresses it. Interpret the continuation result and name the action it justifies.

The defense should preserve uncertainty. “The later sample favors the rolling procedure under
squared loss” is stronger and more precise than “rolling models are better.” “The identified
response depends on a recursive ordering we can justify through timing” is more defensible
than “the graph proves transmission.” “The dataset is a fixed latest vintage” identifies what the
historical comparison can claim.

When a new fact arrives, revise the argument ledger rather than rewriting its past entries. A
record of changing judgments is useful scientific evidence. It reveals which assumptions sur‑
vived and which predictions changed the decision.

Worked unfamiliar case

A forecaster reports next‑quarter total regional spending using a monthly average series, a cen‑
tered economic index, and a normal interval from a constant‑variance regression. What should
the audit inspect first?

First verify the target’s aggregation: a quarterly flow total requires an appropriate sum, not a
monthly average relabeled as a total. Then inspect the index’s construction and release dates;
centering may include future observations. Only after the quantity and information set are cor‑
rect should the audit interpret the interval’s variance assumption and parameter uncertainty.

Suppose the forecast improves after those repairs but the report also claims that a regional pol‑
icy intervention caused the improvement. A successful predictive repair does not establish that
intervention effect. The causal sentence requires its own identification argument. The final
action can be to use the repaired forecast while withholding the unsupported causal interpreta‑
tion.

What to retain after the course

Keep the derivations, executable examples, and project record as connected tools. The formu‑
las explain what the code should compute. The codemakes implications reproducible. Deliber‑
ate counterexamples identify the limits of an argument. Later outcomes determine whether a
procedure remains useful for its decision.
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Keep a project record that another analyst could follow: what you knew, what you predicted,
whatwentwrong, andwhat you changed. When you revisit thework, that record should explain
the decision as clearly as the code reproduces the calculation.

The public practice materials support independent study. Live assessments and grading keys
are retained separately by the instructor. The final assessment asks for the same transferable
reasoning developed here: a coherent target, an admissible forecast, a correct calculation, an
investigated failure, and a defensible action.

Further reading

TheASAGAISECollegeReport supports contextual investigationandactive learning. QuantEcon
provides a model of executable quantitative teaching. The book’s methods record documents
its teaching references, numerical checks, and data sources.

87

https://www.amstat.org/docs/default-source/amstat-documents/gaisecollege_full.pdf
https://quantecon.org/
https://ihelfrich.github.io/time-series/methods/


Three projects and the worked empirical
case

One evolving project folder

Choose an economic decision with a clearly defined time‑series target. Retain one folder
throughout the semester: raw inputs and provenance, measurement rules, source code, out‑
puts, forecast tables, model versions, feedback, and an argument ledger. The ledger records
the decision date, admitted information, maintained assumption, expected failure evidence,
and justified action. Preserve old results when the analysis changes.

Use one supported language. The book supplies equivalent R, Julia, and Python implementa‑
tions to make the methods inspectable across environments; completing the course does not
require learning three languages. Your reasoning must be reproducible independently of the
language.

The public Texas case below is a fullyworkedpractice example. A taught section uses separately
released project data and private assessment materials. Its live holdout outcomes and grading
keys are not part of this public book.

Project 1: A forecast someone can use

PrototypeFebruary 12; revised submissionMarch5. Define the audience, action, target, hori‑
zon, and loss before fitting a candidate. Specify the target’s units, geography, frequency, aggre‑
gation, release timing, and vintage. Choose a naive or seasonal naive benchmark and a justified
AR or ARMA competitor; consider ARIMA after the trendmaterial.

Derive one result central to the procedure, such as an AR forecast or error variance. Inspect
the innovations rather than treating a fitted line as sufficient evidence. Compare predictions
on identical chronological targets. Explain the uncertainty the calculation addresses and the
material uncertainty it omits.

Test the decision brief with a classmate. Ask the reader to identify the action, interpret an in‑
terval, and name a limitation. Retain a consequential misunderstanding and the revision that
addresses it. Readability affects whether the decision aid is usable; visual polish and presenta‑
tion confidence receive no separate grade.
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Submit runnable analysis, a one‑page decision brief, a short technical appendix, data and re‑
lease records, frozen prototype results, and an individual memo. The individual memo inde‑
pendently derives or reproduces a result, explains why its inputs were feasible, and justifies a
response to feedback.

An appropriate brief might recommend retaining a seasonal benchmark because the AR com‑
petitor failed to improve the stated loss. Strongworkdoesnot require themost elaboratemodel
to win. It requires a coherent comparison and an action supported by the evidence.

Project 2: An independent model audit

Prototype exchange February 19; first finding March 5; preliminary verdict March 26; re‑
paired submission April 9. Begin by reproducing another team’s frozen result. Choose one
consequential claim to investigate. Record the claimed result, its required assumption, the di‑
agnostic or counterexample, the actual evidence, and the resulting recommendation.

Useful audit targets include a centered feature labeled real‑time, full‑sample standardization,
an unexplained change in spatial weights, amisleading trend regression, realized future predic‑
torsusedas forecasts, anunstable fitted recursion, or a structural interpretationunsupportedby
an ordering assumption. Keep the target periods and loss fixed while changing the challenged
component.

Practice first on the supplied flawed centered forecast. It appearsmore accurate because it uses
observations around the target date, including future observations. The right critique identifies
the input dates and shows a future‑mutation result. A repair restores the information rule and
reevaluates the procedure, even if its apparent accuracy worsens.

Return a claims‑and‑evidence table and a recommendation of nomore than two pages. Repair
your own analysis in response to its audit, preserve the original result, and document an expla‑
nation you tested and rejected. Submit the audit you performed, your own repaired analysis,
and an individual memo.

The individual memo reproduces one finding independently, explains the consequential
assumption, and justifies accepting or rejecting a proposed repair. It also critiques the com‑
mon VAR’s structural claim and its identifying restriction. Peer comments are evidence; the
instructor assigns the grade. If peer feedback is unavailable, a supplied analysis provides
equivalent review work.

Project 3: Revising amodel when conditions change

Later dataApril 2; prototypeApril 16; feedbackbyApril 20; rule freeze and continuation re‑
lease April 23; final submission April 30. Return to the original decision. Determine whether
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later evidence challengesmeandynamics, long‑run adjustment, conditional variance,measure‑
ment, composition, or input availability.

Choose a repair tied to that finding. An ECM, small VAR, or volatility model belongs only when
itsmechanismanddatawarrant it. Compare the revisionwith the original benchmark using the
original loss and matching targets. A decision to retain or retire is equally assessable when its
reasoning is supported; retirement includes a feasible fallback.

Freeze the complete update procedure before examining continuation outcomes. Record
source and input hashes, window and lag choices, transformations, availability rules,
candidate‑selection rule, update schedule, fallback, loss, and target dates. Refitting as obser‑
vations arrive is allowed when that rule was frozen; choosing new tuning parameters using
continuation errors is a new exploratory analysis.

Submit the updated tool, evidence and change log, reproduction instructions, continuation
comparison, and individual memo. Ask a new reader to interpret the uncertainty explanation
and retain the resulting revision. State what future evidence would make you reconsider the
action. Interpret the final test without fitting a replacement to its outcomes and relabeling that
fit as an original forecast.

A complete public case: Texas residential electricity sales

The fixed dataset contains 192 months from January 2010 through December 2025. EIA sup‑
plies residential sales in MWh, customer counts, price units, and publication status. In this vin‑
tage EIA marks every month from January 2010 through December 2024 as final and all twelve
months of 2025 as preliminary, so the selection targets are final values and the continuation
targets are preliminary values that EIA may revise. NOAA supplies Texas statewide monthly av‑
erage temperature in Fahrenheit. The source files, retrieval date, selections, units, and hashes
are documented in the data manifest.

The exercise assumes a two‑month observation‑release lag. This is a teaching assumption, not
verified historical provider release metadata. It uses a fixed downloaded vintage, so the eval‑
uation is pseudo‑out‑of‑sample rather than a reconstruction of all historical vintages. Heating
and cooling transformations of monthly mean temperature are proxies, not daily degree‑day
totals.

The decision is to predict the next month’s residential sales at the end of the current month.
With the assumed lag, the last available observation is twomonths behind the origin and three
months behind the target. The AR therefore iterates three steps. The seasonal naive benchmark
uses the previous year’s matching month, which is admissible under that clock.

Run projects.py, projects.R, or projects.jl. Each performs the whole sequence:

1. Build: fit the expanding AR and seasonal benchmark; evaluate January 2020 through De‑
cember 2022.
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2. Audit: evaluate the original method on January 2023 through December 2024, compare
an impossible centered calculation, and demonstrate its future dependence.

3. Repair: compare declared calendar and weather‑exposure models using windows of 60
months, 120 months, or all available history on the repair period.

4. Freeze: retain the first strict minimum under squared loss, including the model’s update
and fallback rules.

5. Continue: evaluate January through December 2025 without reselecting the procedure.

Calendar models use an intercept, trend, two annual Fourier harmonics, and AR(1) residual dy‑
namics. The weather model uses one harmonic and piecewise temperature proxies. Its future
exposure expectations are estimated from prior observations of the same calendar month; it
never inserts actual future temperature. This is a limited weather expectation model, with un‑
certainty and construct limitations that remain relevant to its interpretation.

The output table keeps origin, target, latest admitted period, method, window, actual, predic‑
tion, error, fallback flag, and phase. All sales outcomes and errors in the numerical comparison
are inmillion MWh. Squared loss has million‑MWh‑squared units.

What the case actually finds

Comparison RMSE in million MWh

Build‑period seasonal naive 1.4534
Build‑period expanding AR 3.8691
Repair‑period original AR 4.6236
Impossible centered calculation in the repair period 2.0687
Selected repair on its selection period 1.2659
Continuation original AR 3.7351
Continuation calendar repair 0.8528
Continuation seasonal naive 0.8461

The original AR poorly represents monthly seasonality. The centered calculation’s apparently
better performance is infeasible: changing two of its five future inputs by 100 changes a past
“forecast” by 40. The repair selection retains the calendar model with a 60‑month window.

On the twelve continuation targets, the calendar repair substantially improves on the original
AR.The seasonalnaivebenchmarkneverthelesshasa slightly lowerRMSE.That small difference,
the short comparison period, and the simple decision cost support retaining the benchmark as
the main rule while documenting the calendar procedure as a candidate alternative. They do
not support a claim of durable model superiority.

The ranking is also sensitive to data revision. A uniformupward revision of about 0.07 percent to
the twelvepreliminary2025valueswouldequalize the twoRMSEs, orabout0.08percent if the re‑
visedvaluesalsoenter the calendarmodel’s inputs. Revising the targetsupby0.5percentwould
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give seasonal naive an RMSE of 0.882 and the calendar repair 0.843 million MWh; a downward
revisionwidens the benchmark’s lead. The recommendation to retain the benchmark holds un‑
der either ranking. When EIA publishes final 2025 values, rescore the frozen procedure without
changing it and report both results. The case will then contain a genuine evaluation on revised
data.

The analysis remains useful because it identifies a failure, repairs it honestly, and limits the fi‑
nal action to the evidence. Its final recommendation is not dictated by the complexity of the
method.

Common scoring criteria

Each revised project contributes 20 course points: 12 shared and 8 individual. Shared criteria
are decision framing (2), reasoning and diagnostics (4), evaluation and uncertainty (2), repro‑
ducibility (2), and usefulness (2). Individual criteria are result or derivation (3), assumption or
limitation (3), and response to feedback (2).

Full‑credit evidence names the relevant assumptions, uses a consequential diagnostic, pre‑
serves an admissible chronological comparison, makes the principal result reproducible, and
explains an action a reader can understand. A forecast ranking is not itself a grade. Partial credit
follows the demonstrated parts of each criterion; the same error is not deducted repeatedly
under unrelated criteria.

The course total is projects 60%, six individual competency checks 30%, and the individual ap‑
plied final 10%. Practice, prototypes, peer comments, and confidence estimates are ungraded.
The final exam’s assigned May 5–12 slot and section‑specific administrative details remain the
instructor’s published course information.

Files to retain

Keep the frozen prototype, original comparison, audit evidence, rejected explanation, repair,
freeze record, continuation predictions, reader feedback, and individual defense. The public
source bundle includes the complete worked example and its verification report. The public
case supplies amodel of the reasoning; your own argumentmust be supported by your chosen
task and its admitted evidence.
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Assignments, worked practice, and public
examination

How to use these assignments

Attempt a calculation and an explanation before opening its answer. In a later session, change
a parameter or setting and solve again frommemory. The suggested short sessions are prepara‑
tion, not gradedcompletion requirements. Use thechapter sources to reproduce theexecutable
examples in one language; use the parity suite when comparing implementations.

Each assignment has three tasks. Choose a pair for a 10–12‑minute practice session and return
to the remaining task later. The worked answers explain the argument and its limits. Live com‑
petency forms, retakes, and exam keys are separate private instructor materials.

Assignment 1: Quantity, clock, and geography

These tasks accompany Lecture 1: The decision and its information set.

1. March sales are released May 10. A forecast is issued April 30. Can it admit March sales?
Identify the date comparison that decides.

2. Twoareas have temperatures 30 and 90°F andweights 0.75 and 0.25. Compute heating ex‑
posure relative to 65°F by transforming theweightedmean andbyweighting transformed
temperatures.

3. A dataset contains monthly spending flows andmonth‑end debt stocks. Define meaning‑
ful quarterly aggregates of both.

Worked answer

The March record is unavailable on April 30 because May 10 follows the origin. Its March period
label doesnotoverride the releasedate. A real‑time reconstruction requires the recordavailable
at April 30; a latest‑vintage retrospective analysis should be labeled accordingly.

Weighted temperature is 0.75(30) + 0.25(90) = 45. Transforming it gives 65 − 45 = 20.
Local transformations give 35 and zero, so their weighted value is 0.75(35) = 26.25. The
positive‑part transformation is convex; aggregating before transforming loses exposure varia‑
tion.
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Sum monthly spending flows to obtain quarterly spending. For debt, use a defined quarter‑
end stock or an average stock if that is the question. Summing threemonth‑end stocks double‑
counts continuing debt positions and changes the quantity’s interpretation.

Assignment 2: Recursion and uncertainty

These tasks accompany Lecture 2: Persistence, recursion, and aggregation.

1. An AR(1) has 𝑐 = 2,𝜙 = 0.75, innovation variance 4, and current value 12. Find itsmean,
two‑step forecast, and known‑parameter two‑step error variance.

2. Describe the response to a positive shock when𝜙 = −0.5. Does its variance alternate in
sign?

3. Explain why quarterly averages do not generally inherit persistence 𝜙3 from a monthly
AR(1).

Worked answer

Mean is 2/(1 − 0.75) = 8. The forecast is 8 + 0.752(12 − 8) = 10.25. Error variance is
4(1 + 0.752) = 6.25, giving standard deviation 2.5. This excludes estimation uncertainty and
relies on the specified innovation assumptions.

The response alternates in sign and halves in magnitude each period. After a unit shock, the
sequence is

1, −0.5, 0.25, −0.125, … .

Variance remains nonnegative because it uses squared response coefficients.

Quarterly averages combine three correlatedmonthly states. Their adjacent‑quarter covariance
includes nine pairwise distances, not only a three‑period lag. Sampling the quarter’s lastmonth
is different from averaging the quarter. Use the covariance sums in Lecture 2 to calculate the
appropriate aggregate correlation.

Assignment 3: Recoverable shocks

These tasks accompany Lecture 3: ARMAmodels and recoverable innovations.

1. AnMA(1) has coefficient 0.25 and innovation variance 16. Find its variance, lag‑one covari‑
ance, and lag‑one correlation.

2. Construct its reciprocal‑root covariance‑equivalent representation and identify which is
invertible.

3. What happens to an ARMA(1,1) when 𝜃 = −𝜙? Why can a larger model be misleading in
that case?
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Worked answer

Variance is 16(1 + 0.252) = 17; lag‑one covariance is 16(0.25) = 4; correlation is 4/17.
Later positive‑lag covariances are zero under the white‑noise assumptions.

The reciprocal coefficient is 4 and innovation variance is 1. Its variance is 1(1 + 16) = 17
and lag‑one covariance is 4. The coefficient 0.25 representation is invertible; the coefficient 4
representation is not. Equality of covariance functions supplies a second‑order equivalence,
with stronger distributional equivalence under appropriate Gaussian assumptions.

The ARandMA lag polynomials cancel, leavingwhite noise apart from initialization conventions.
The redundant parameters can appear to offer flexibility without identifying separate mecha‑
nisms. Inspect common factors and simplify the representation.

Assignment 4: Evaluation and action

These tasks accompany Lecture 4: Forecasts that survive a chronological comparison.

1. A forecast issued at 𝑡 targets 𝑡 + 3. A regressor describes 𝑡 + 1 and is released at 𝑡 + 2.
Is it admissible at the origin?

2. Underprediction costs three units per unit error; overprediction costs one. Which condi‑
tional quantile minimizes expected cost?

3. Two methods’ squared losses are (1, 9, 4) and (4, 4, 9) on identical targets. Compute
their paired average difference and describe the limitation of the comparison.

Worked answer

The regressor is inadmissible at 𝑡 because both its described period and release follow the ori‑
gin. A separately forecast or scenario value could be used with a clear label and appropriate
uncertainty treatment.

The optimum satisfies 𝐹(𝑎) = 3/(3 + 1) = 0.75. A conditional‑mean forecast is not auto‑
matically the cost‑minimizing action under this asymmetric loss.

Paired differences are (−3, 5, −5), averaging −1. The first method has lower mean squared
loss on these three targets. The second target reverses the ranking, and three observations pro‑
vide weak evidence of general performance. Dependence and target representativeness also
matter.

Assignment 5: Measurement and filtering

These tasks accompany Lecture 5: Signals, noisy measures, and information‑preserving
filters.
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1. A latent AR(1) has persistence 0.6 and innovation variance 0.64. Independent observation
noise has variance 3. Find the observed lag‑one correlation.

2. A centered five‑period average at 𝑡 includes two future records. Both increase by 30. How
much does the historical average change?

3. A noiseless state rises three units per period. What bias relative to the current state does
a trailing three‑period mean have?

Worked answer

The latent variance is0.64/(1−0.36) = 1, and its lag‑onecovariance is 0.6. Observedvariance
is 1 + 3 = 4, so observed correlation is 0.15. The lower correlation need not imply low latent
persistence.

The centered value increases by (30 + 30)/5 = 12. A fixed‑parameter trailing filter using
only dates through 𝑡would be unchanged. A full‑sample parameter refit can introduce another
source of future dependence andmust be audited separately.

The trailing mean averages states at 𝑡, 𝑡 − 1, 𝑡 − 2, so its expected level is the state at 𝑡 − 1. It
is three units below the current state. Noise reduction and timely state estimation are different
objectives.

Assignment 6: Trends and testing

These tasks accompany Lecture 6: Trends, unit roots, andmisleading level regressions.

1. A random walk has current value 40, drift 1, and innovation variance 2. Find its five‑step
forecast and process‑error variance.

2. Difference a stationary white‑noise series with variance 2. Find the new variance and lag‑
one correlation.

3. An intercept DF statistic is −2.4, compared with a declared threshold −2.86. Interpret
the result without claiming proof of a unit root.

Worked answer

Forecast is 40 + 5 = 45 and variance is 5(2) = 10. A shock permanently affects the level; a
fitted deterministic trend does not remove the accumulated innovation path.

Differencing gives an MA(1) with coefficient −1. Variance is 4 and lag‑one covariance is −2, so
correlation is−0.5. The added dependence is a reason to investigate over‑differencing.

The statistic does not cross the stated rejection threshold. This is non‑rejection under that spec‑
ification, not proof of a unit root. Lag choice, deterministic terms, breaks, and near‑unit alterna‑
tives affect interpretation. The usual normal cutoff is not the DF reference.
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Assignment 7: Dynamic regression

These tasks accompany Lecture 7: Weather, seasonality, and dynamic regression.

1. Let 𝑌𝑡 = 5 + 2𝑋𝑡 + 𝜂𝑡 and error persistence be 0.4. With (𝑌𝑡, 𝑌𝑡−1) = (14, 9) and
(𝑋𝑡, 𝑋𝑡−1) = (5, 2), calculate the transformed outcome, predictor, intercept, and in‑
novation.

2. The latest error state is 2, its persistence 0.4, and next period’s regression component is
20. Find the one‑step scenario forecast.

3. Explain why actual future temperature and a future month indicator have different avail‑
ability status.

Worked answer

Transformed outcome is 14 − 0.4(9) = 10.4; predictor is 5 − 0.4(2) = 4.2; intercept is
5(1 − 0.4) = 3. The transformed regression component is 3 + 2(4.2) = 11.4, leaving inno‑
vation−1. Transformingonly theoutcomeandpredictorwhile leaving the interceptunchanged
misparameterizes the equation.

The forecast is 20 + 0.4(2) = 20.8. It conditions on the supplied regression inputs. If those
inputs include uncertain futureweather, their forecast or scenario construction and uncertainty
must be stated.

A calendar month is known before it occurs. Actual weather is not. A climate expectation,
weather forecast, or scenario can be admissible if constructed from information available at
the origin.

Assignment 8: State updates

These tasks accompany Lecture 8: Estimating a latent state as observations arrive.

1. Prior state mean is 8, variance 3, observation variance 6, and observation 14. Find the
gain, posterior mean, and variance.

2. What is the update if that observation is missing? Why is inserting zero wrong?
3. Explain why a retrospective smoother can improve state RMSE while being inadmissible

for an earlier real‑time decision.

Worked answer

Gain is 3/(3 + 6) = 1/3. Innovation is 6, so posterior mean is 10 and posterior variance is
(1 − 1/3)3 = 2. Mean units and squared variance units remain distinct.

After the prediction step, retain priormean 8 and variance 3. Inserting zerowould treat absence
as a real zero‑valued measurement and pull the estimate toward it. Missingness may itself re‑
quire a more complex model if it is informative.
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The smoother conditions on observations after the historical date. Those observations can re‑
fine a past‑state estimate but were unavailable at the original decision. Filtered and smoothed
outputs answer different information‑set questions.

Assignment 9: Systems and networks

These tasks accompany Lecture 9: Multivariate dynamics and regional networks.

1. A zero‑intercept VAR has𝐴 = (0.4 0.3
0.2 0.6) and current vector (10, 5)′. Compute its first

two forecasts.
2. A matrix has diagonal entries 0.7 and both off‑diagonal entries 0.4. Are the diagonals suf‑

ficient to establish stability?

3. With one‑step covariance(4 1
1 9), find error variance for the sum of the two outcomes.

Worked answer

One‑step forecast is (5.5, 5)′. Multiplying again gives (3.7, 4.1)′. In this column‑vector con‑
vention, a row of𝐴maps source histories into one destination’s prediction.

Thematrix’s eigenvalues are 1.1 and 0.3, so the system is unstable despite both diagonal entries
being below one. Stability concerns the joint feedback system.

Variance of the sum is 4 + 9 + 2(1) = 15. Ignoring contemporaneous covariance understates
risk here. A known network and a covariance matrix supply different information; neither by
itself identifies an intervention.

Assignment 10: Shock identification

These tasks accompany Lecture 10: What an impulse response can claim.

1. FactorΣ = ( 1 0.6
0.6 1.36) into a lower‑triangular𝐿𝐿′.

2. Multiply the factor by a 90‑degreeorthogonal rotation. Does covariance change? Does the
first shock’s interpretation remain the same?

3. A VAR response has a narrow sampling band. What does that establish about its recursive
ordering?

Worked answer

The factor is 𝐿 = ( 1 0
0.6 1). Its product with its transpose gives the stated covariance. The

zero imposes a recursive immediate exclusion.
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With 𝑄 = (0 −1
1 0 ), 𝐿𝑄 = (0 −1

1 −0.6). Covariance is unchanged because 𝑄𝑄′ = 𝐼 .
The first shock’s impact pattern changes, so covariance has not uniquely identified its economic
meaning.

A sampling band describes estimation variation under maintained identification and other as‑
sumptions. Its narrowness does not establish that the ordering is economically correct. Exam‑
ine credible alternative restrictions and the claim’s sensitivity.

Assignment 11: Error correction

These tasks accompany Lecture 11: A stable relation betweenmoving levels.

1. A relation is 𝑌 = 1.5𝑋. Current values are 𝑌𝑡 = 100 and 𝑋𝑡 = 60, adjustment
coefficient is −0.2, expected Δ𝑋 is 2, and its short‑run coefficient is 1.5. Forecast the
next change and level of 𝑌 .

2. In the simple spreadmodel, is adjustment coefficient−3 stable merely because it is neg‑
ative?

3. Why does a DF test applied to an estimated cointegrating residual need an appropriate
residual‑based reference distribution?

Worked answer

The spread is 100 − 1.5(60) = 10. Predicted change is−0.2(10) + 1.5(2) = 1, so the next
predicted level is 101. The equilibrium relation, adjustment coefficient, and input forecast each
have a separate role.

In the simple constructed spread, persistence is 1 + 𝛼 = −2, so 𝛼 = −3 implies explosive
alternating deviations. Stability requires −2 < 𝛼 < 0 in that model. A general multivariate
system requires its own joint stability check.

The residual incorporates estimated long‑run parameters, altering the null distribution. An ordi‑
nary observed‑series DF threshold does not automatically apply. The specification’s determin‑
istic terms and dimensions must also be retained.

Assignment 12: Conditional risk

These tasks accompany Lecture 12: Predictable risk with an unpredictable return.

1. GARCH parameters are 𝜔 = 0.1, 𝛼 = 0.2, and 𝛽 = 0.7. Current variance is 1.5 and
residual is 2 percentage points. Find next variance and the following variance forecast.

2. Convert the model to decimal‑return units.
3. Can the variance forecast alone determine a 5% return quantile?

99

https://ihelfrich.github.io/time-series/11-cointegration/
https://ihelfrich.github.io/time-series/12-volatility/


Worked answer

Next variance is 0.1 + 0.2(4) + 0.7(1.5) = 1.95. Long‑run variance is 0.1/(1 − 0.9) = 1.
The following variance forecast is 1 + 0.9(1.95 − 1) = 1.855.
Divide residuals by 100 and variances and 𝜔 by 10,000. Thus next variance is 0.000195 and 𝜔 is
0.00001;𝛼 and 𝛽 remain unchanged. Quantiles and standard deviations divide by 100.

The quantile also needs a conditional mean and standardized‑shock distribution. Under zero‑
mean Gaussian shocks, it is approximately −1.645

√
1.95 percentage points. A heavy‑tailed

distribution can produce a different threshold with the same conditional variance.

Assignment 13: Change and retirement

These tasks accompany Lecture 13: When the model or the measurement changes.

1. A rolling procedure’s squared losses are (4, 1, 9) and an expanding procedure’s are
(1, 4, 4) on identical targets. Find the paired mean difference.

2. Explain a condition under which a shorter window helps and a condition under which it
can hurt.

3. A repair reduces expected monthly decision cost by two units but costs six units monthly
to operate. What additional evidence or rationale would justify replacement?

Worked answer

Differences are (3, −3, 5), averaging5/3. The rolling procedure isworse on average over these
targets, even though it wins on the second. Window choice should not be based on a generic
claim that recency is always better.

A shorter window can reduce contamination from an obsolete regime after a break. In a stable
process it discards relevant information and can increase estimation variation. Measurement
changes can also resemble breaks and require a different repair.

Under the simple stated cost accounting, replacement loses four units permonth. A justification
would require additional benefits, a different risk objective, or evidence that the cost estimates
are incomplete. A small RMSE improvement alone does not establish operational value.

Assignment 14: Freeze and continue

These tasks accompany Lecture 14: Freeze a revision before its next test.

1. Candidate validation losses are (1.4, 1.1, 1.2); continuation losses are (1.0, 1.6, 0.9).
What continuation loss did the declaredminimum‑validation rule achieve?

2. Can a frozen rolling procedure refit coefficients as new observations arrive?
3. How should an origin on which the model fails enter the comparison?
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Worked answer

Validation selects the secondmethod, whose continuation loss is 1.6. Reporting 0.9 would sub‑
stitute amethod selected using continuation outcomes. That is a retrospective selection result,
not the original rule’s result.

Yes, if the refitting schedule and admitted information were part of the frozen algorithm. Freez‑
ing the procedure is different from fixing every fitted parameter. Changing the window based
on continuation errors is a new selection.

Use the declared fallback or abstention rule and retain a failure flag. Dropping the row changes
the target set and can inflate performance. Operational reliability is part of the evaluated pro‑
cedure.

Assignment 15: Transfer and defense

These tasks accompany Lecture 15: Defend a forecast in an unfamiliar setting.

1. A linear forecast is 12 and its process variance is 9. Rescale the outcome by 100. What
should the equivalent forecast and variance be?

2. A regional VAR improves prediction, and its report claims a policy intervention caused the
improvement. What is missing?

3. Put these audit tasks in a defensible order: interval interpretation, target definition, pre‑
dictor availability, numerical implementation.

Worked answer

The forecast should be 1,200 and variance 90,000. Scale means by 100 and squared quantities
by 10,000. If a consistent implementation violates this relationship, investigate transformations
and units.

Predictive improvement does not identify an intervention effect. The report needs a credible
identification strategy with assumptions and supporting evidence, or it must narrow the causal
claim while retaining the useful predictive result.

Define the target first, verify admissible information, then audit computation and interpret un‑
certainty under the correctmodel. An exact interval for amisdefined quantity or infeasible fore‑
cast does not answer the intended decision.

Applied practice examination

Work independently before reading the answer. This public examination illustrates the reason‑
ing blueprint; it is not a live exam form. The live final’s assigned date, duration, and permitted
resources are supplied by the instructor for the official examination period.
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A regional agency must choose next month’s reserve for residential electricity demand. The
dataset contains monthly sales, average temperature, and a regional activity index. Sales
records arrive with an assumed two‑month lag. The activity index is a centered five‑month
average. A forecaster uses the latest downloaded vintage to report historical forecasts. A
seasonal naive benchmark and a calendar regression are evaluated on the same twelve
continuation months.

The regression was selected on a preceding two‑year repair segment and its update rule was
frozenbefore continuation outcomeswere examined. It refits using only admitted observations.
Thebenchmark’s continuationRMSE is 0.90millionMWhand the regression’s is 0.92. The regres‑
sion’s normal interval covers 8 of 12 targets. The report also presents a Cholesky VAR response
as proof that demand shocks transmit causally from one region to another.

1. Reasoning through the case, 4 points. Define the target and admissible training
endpoint at an origin. Diagnose the centered index. Explain the selection‑continuation
boundary and recommend a forecasting action supported by the comparison.

2. Assumptions and limitations, 3 points. Identify the vintage limitation, explain what the
normal interval assumes and omits, and critique the structural claim’s identification.

3. Interpretation and decision, 3 points. Explain the size and limits of the loss difference,
propose a repair or further evaluation tied to an actual finding, and state what later evi‑
dence would change your action.

Worked examination answer and point descriptions

The target is nextmonth’s residential sales in a specified region,measured inmillionMWh. At an
end‑of‑month origin, the assumed sales lag makes the last admitted observation two months
older than the origin. A recursion using that latest level must forecast three periods to reach
the next‑month target. The centered activity index is unavailable at its historical date because
it includes two later observations. Replace it with an admissible construction or explicitly treat
it as retrospective evidence; then reevaluate the affected procedure.

The selected regression’s window and update rule were frozen using the repair period, so its
later refits can be admissible. The twelve continuation outcomes evaluate that retained rule.
Reselecting using those outcomes would create a new exploratory procedure. The benchmark
has slightly lower realized RMSE, and the small sample does not establish durable superiority.
Retaining the benchmark as the main rule is defensible while evaluating a repaired regression
on a new boundary.

The latest downloaded vintage does not reconstruct every historical release. The comparison is
pseudo‑out‑of‑sample unless historical vintages are supplied. A Gaussian interval assumes the
specified conditional distribution and variance treatment; a simple plug‑in interval may omit
parameter, predictor, selection, and measurement uncertainty. Coverage 8/12 is about 66.7%,
whichwarrants investigation, but a short and possibly dependent target sequence limits formal
conclusions.

Cholesky factorization reproduces residual covariance under an ordering restriction. It does
not establish that the restriction correctly identifies a regional intervention. State the recursive
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immediate exclusions, examine credible alternatives, and narrow the causal claim unless addi‑
tional identifying evidence supports it.

A repair should address the actual issue: remove future information from the index, improve
the justified uncertainty calculation, and preserve the benchmark and target definition. Freeze
the revised algorithm before evaluating another continuation segment. Reconsider the recom‑
mendation if later matched losses show economically meaningful and reliable improvement, if
the benchmark becomes infeasible, or if the target’s measurement changes.

For the 4 reasoning points, full‑credit evidence correctly defines the clock, diagnoses the cen‑
tered input, preserves selection boundaries, and recommends an evidence‑supported action.
For the 3 assumption points, full‑credit evidence explains vintages, interval scope, and identifi‑
cation. For the 3 interpretation points, it interprets the actual comparison, proposes a targeted
repair, and states reconsideration evidence. A minor arithmetic slip need not erase otherwise
coherent reasoning; a consequential information or identification error affects the criterion it
undermines.

Competency practice and reassessment

The six competencies cover dynamics and stationarity; forecast evaluation; trends and unit
roots; multivariate dynamics and identification; long‑run relations; and volatility and instabil‑
ity. Checks require a calculation or diagnosis and a brief explanation. Initial and equivalent
reassessment forms have comparable scope with changed parameters, representations, or
cases.

Each contributes up to five course points: insufficient assessable evidence earns 0; relevant par‑
tial understanding with a consequential gap earns 2.5; independently meeting every essential
requirement earns 5. A further boundary insight receives descriptive feedback and the same
maximum 5. The higher independently verified level counts after the one scheduled reassess‑
ment. Practice completion is not a prerequisite for attempting graded work.

Use the assignments to prepare a gap note after feedback: identify what was missing, explain
the correction, and solve a changed example. The note guides preparation and earns no sep‑
arate points. The final exam has no retake; project revision and competency reassessment re‑
main separate opportunities described in the course syllabus.
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Executable laboratories and reproducibility

Choose one language

The three independent implementations share inputs, parameter conventions, target dates,
and numerical checks. You can study in one language and inspect another when a result is
unclear. You need only one of the three runtimes to work through the course.

Download the complete laboratory bundle, extract it, and open a terminal in its code directory.
Keep the relative directory structure: entry points load the corresponding course implemen‑
tation, and those implementations read fixed files in data.
The tested environment is Python 3.14.7 with NumPy 2.4.3, SciPy 1.17.1, and Matplotlib 3.10.8;
R 4.6.1; and Julia 1.12.7. The core R and Julia examples use standard libraries only. Python re‑
quirementsand their resolutionare recorded inpyproject.tomlanduv.lock. Noprovider
API credential is needed to run the examples.

Python

Install Python and uv if they are not available. In the extracted code directory:

uv sync --locked
uv run python ch01.py
uv run python projects.py

The first commandprepares the project environment. A chapter entry point runs its exact exper‑
iment. projects.py runs the complete public project case. Core computation uses NumPy;
the pinned scientific environment also supports supplementary calculation and figure genera‑
tion.
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R

Use an installed R runtime and run:

Rscript ch01.R
Rscript projects.R

The reference implementations require base R. They do not install packages or change global
settings. Read course.R for every calculation, including least‑squares conventions, residual re‑
cursion, filtering, covariance factors, and variance updates.

Julia

Use an installed Julia runtime and run:

julia --startup-file=no ch01.jl
julia --startup-file=no projects.jl

The implementations use LinearAlgebra, Statistics, and DelimitedFiles. They re‑
quire no external Julia packages. The verification runner can use a local writable depot for pre‑
compilationwhere the homedepot is unavailable. Read course.jl for the full implementation.

Verify all three concurrently

With all three runtimes available:

uv run python verify.py

The runner executes the full lecture implementations concurrently, then executes the three
project implementations concurrently. It checks input hashes, finite outputs, analytic identi‑
ties, future‑mutation invariants, parameter‑domain failures, metric coverage, cross‑language
agreement, and every retained project forecast’s dates and value.

The current verification report records 152 lecture quantities, 13 project quantities, and 276
matched project forecast rows. Lecture numerical tolerance is 10−9 absolute and relative;
project tolerance is10−8. Theobserveddiscrepancies aremuch smaller. Agreement is evidence
of consistent implementation, not proof of a shared economic assumption.

The tests include deliberately failing cases: an inadmissible centered feature responds to future
changes; a smoother intentionally uses later information; a covariance rotation changes shock
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interpretationwithout changing covariance; a rank‑deficient design is rejected; a finite‑variance
GARCH routine rejects inadmissibleparameters. The resulting repair or narrowed interpretation
belongs to the lesson.

Run uv run python verify-boundaries.py for seven additional state‑space checks in
each language. They compare filtering and smoothing with exact single‑observation Gaussian
calculations, check zero process variance andmissing observations, and reject empty inputs or
nonfinite parameters. The boundary report records the results.

Lecture 2’s changing‑risk example has independent Python, R, and Julia sources. Run uv run
python verify-risk.py to check 42 matched quantities, nine analytic targets, and fif‑
teen finite‑sum identities. The risk verification report records exact enumeration of the two
risk states, including conditional variances 1.25 and 11.25 and their unconditional average 6.25.
The calculation uses no random draws.

Lecture entry points

Each row runs a complete case and writes its metrics. The chapter describes the economic ar‑
gument, exact conventions, and the relevant functions in the full source. Entry points are inten‑
tionally short so the common algorithms remain in one inspectable file per language. For that
reason an entry point runs only inside the extracted code folder, where it can load the course
file and data beside it.

Lecture
Main executable
concepts Python R Julia

1 Release clock,
availability
audit,
geography,
naive
benchmark

ch01.py ch01.R ch01.jl

2 AR recursion,
moments,
iterated and
closed‑form
forecasts,
aggregation

ch02.py ch02.R ch02.jl

3 ARMA residuals,
full objective
grid, ACF/PACF,
invertibility,
forecasts

ch03.py ch03.R ch03.jl
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Lecture
Main executable
concepts Python R Julia

4 Rolling origins,
loss, coverage,
Ljung–Box on
one‑ and
four‑step errors,
paired‑loss
statistic

ch04.py ch04.R ch04.jl

5 Noisy signals,
trailing/centered
filters, mutation

ch05.py ch05.R ch05.jl

6 Trends, DF/ADF,
single‑stream
Monte Carlo,
spurious
regression

ch06.py ch06.R ch06.jl

7 Fourier terms,
temperature
proxies, feasible
GLS

ch07.py ch07.R ch07.jl

8 Filter, smoother,
missing update,
Gaussian
likelihood

ch08.py ch08.R ch08.jl

9 VAR fit,
eigenvalues,
Granger Wald
tests, networks,
forecast
covariance

ch09.py ch09.R ch09.jl

10 Cholesky
ordering,
rotation, VAR
and
local‑projection
responses

ch10.py ch10.R ch10.jl

11 Common trend,
spread, ECM
estimation and
forecast

ch11.py ch11.R ch11.jl
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Lecture
Main executable
concepts Python R Julia

12 GARCH
recursion/grid,
risk quantile,
scale invariance

ch12.py ch12.R ch12.jl

13 Breaks,
windows, paired
loss, block/HAC
uncertainty

ch13.py ch13.R ch13.jl

14 Validation
choice, frozen
update,
continuation

ch14.py ch14.R ch14.jl

15 Unit/future
invariants,
boundaries,
rank failure

ch15.py ch15.R ch15.jl

Project sources and results

projects.py, projects.R, and projects.jl implement the complete Build/Audit/Revise case. Read
the specifications and actual results before interpreting its files.

Download the forecast table, freeze record, and project comparison quantities. Equivalent R
and Julia outputs are included in the bundle and verified row by row. The public example’s
final benchmark advantage is retained as a substantive result.

Fixed input files

The synthetic innovations have a generator and hash record. All languages read the same 2,048‑
by‑6 file. Monte Carlo paths use the explicitly implemented Park–Miller/Box–Muller algorithm,
not three unrelated language‑default generators. Lecture 6 draws 2,000 replications per de‑
sign from one stream with seed 2026, split into consecutive blocks. Reseeding each replica‑
tion with consecutive seeds would give the first Box–Muller pair of every replication nearly the
same radius, because the generator is multiplicative. The former seeds 515 + 𝑖 did this: across
200 replications the first two innovations each had a standard deviation of 2.07. monte‑carlo‑
reference.py repeats the designs with 200,000 replications from NumPy’s generator, and its re‑
port records the reference rates.
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The Texas electricity and temperature extract has a provider and units manifest. The extrac‑
tion source checks the provider’s geographic label, workbook units, unique state‑month rows,
and month matches. Rebuilding the provider extract needs openpyxl==3.1.5; running the
course does not.

Theprovider endpoints can change their latest values. Rebuilding a later extract is anewvintage
and should receive a new hash. Do not overwrite the fixed course input and still claim exact
reproduction of this edition’s reported quantities.

Source and publication formats

Read the editable chapter source, print the lecture text, or download the PDF book, which also
includes projects, assignments, and references. The public source archive contains Markdown,
code, data, figures, and editable print source. Live assessments, grading keys, private instructor
scripts, and graded holdouts are kept in the separate instructor package.

© 2026 Ian Helfrich. All rights reserved. The public availability of the authored book does not
grant a blanket redistribution or adaptation license. EIA and NOAA data and third‑party sources
retain their original terms and attribution.
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References, design, and provenance

Teaching approach

This bookorganizes time‑series econometrics aroundacontinuingeconomicdecision. Each lec‑
ture joins a mathematical derivation to executable implications, an explicit information clock,
a deliberate failure case, and a repair that must be defended. The three projects carry one pro‑
cedure through construction, independent audit, and a frozen later test.

Students keep a record of their predictions and assumptions before outcomes are revealed. In
the forecast room, they record a decision, see the outcome, and explain whether the evidence
changes their view. Earlier entries remain in the record. Independent R, Julia, and Python im‑
plementations provide another check: do the same inputs and conventions produce the same
quantities and forecast rows?

The course draws on established econometricmethods and the teaching approaches below. Its
examples connect measurement choices, mathematical arguments, code, and later evidence
across one semester.

Teaching references

Executable quantitative education. QuantEcon publishes quantitative lectures and code,
including linear state‑space and ARMA material. Jupyter Book supports computational
books. Forecasting: Principles and Practice connects methods to practical forecasting. Here,
the laboratories let students reproduce a result, change an assumption, and examine the
consequences.

Learning throughcases andactive investigation. TheASAGAISECollegeReport recommends
contextual investigation and active learning. Research on explaining across contrasting cases
motivates comparing examples that differ in a consequential feature. The book implements
that principle through admissible versus centered filters, alternative covariance factors, stable
versus changed regimes, and selected versus untouched evaluation periods. These contrasts
expose assumptions that a single successful example can conceal.

Documentation and model accountability. Model Cards for Model Reporting motivates
explicit reporting of model uses and limitations. A course forecast specification records the
economic target, release rule, update procedure, loss, fallback, code version, and data hash.
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That recordmakes it possible to reconstruct an earlier forecast and explain why a later decision
changed.

The referencesexplain thedesignchoices; evaluating their effectonstudent learningwill require
classroom evidence.

Mathematical foundations

Topic
Primary or
author‑maintained source Role in the course

Linear stochastic systems QuantEcon: Linear State
Space Models

State representations,
prediction, andmeasurement

Covariance‑stationary
processes

QuantEcon: ARMA Time‑domain
representations and
covariance behavior

Graduate texts Hamilton (1994); Kilian and
Lütkepohl (2017)

Standard treatments of the
course’s models and of
structural VARs

Unit‑root distributions Dickey and Fuller (1979);
Kwiatkowski, Phillips,
Schmidt, and Shin (1992)

Nonstandard testing
reference and the stationarity
null

Spurious regression Granger and Newbold (1974);
Phillips (1986)

Levels regressions of
independent integrated
series

Model selection Akaike (1974); Schwarz (1978) Information criteria for lag
order

Forecast comparison Diebold and Mariano (1995);
West (1996); Clark and
McCracken (2001); Giacomini
and White (2006)

Paired‑loss inference,
estimated and nestedmodels

Multivariate dynamics Sims (1980); Granger (1969) VARs, economic restrictions,
and predictive causality

Impulse responses Jordà (2005); Plagborg‑Møller
and Wolf (2021)

Local projections and their
relation to VAR responses

Cointegration Engle and Granger (1987) Shared trends and error
correction

State estimation Kalman (1960) Prediction and observation
updates

Conditional volatility Bollerslev (1986) GARCH variance dynamics
Temperature and demand Chang, Kim, Miller, Park, and

Park (2016)
Motivation for preserving
high‑frequency exposure
information
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The temperature paper’s published title is A new approach to modeling the effects of tem‑
perature fluctuations on monthly electricity demand, in Energy Economics 60, 206–216, DOI
10.1016/j.eneco.2016.09.016. The core course uses a simpler piecewise‑response model; it
does not claim to reproduce the functional estimator.

Software documentation is used to check conventions: Statsmodels VAR, VECM deterministic
terms, impulse‑response covariance factors, and arch volatility components. The reference lab‑
oratories implement the calculations directly in the supplied course files.

Numerical verification

The verification report documents concurrent R, Julia, and Python runs. Independent imple‑
mentations use the same fixed inputs and conventions. Analytic checks cover moments, fore‑
cast variances, degree‑day transformation order, optimal loss quantiles, unit invariance, covari‑
ance reconstruction, and admissible parameter domains. Future‑mutation tests expose infor‑
mation use. Every project forecast is compared across languageswith its origin and target dates
retained.

Monte Carlo unit‑root and spurious‑regression examples use three sample sizes and 2,000 repli‑
cations per design, drawn from one Park–Miller stream split into consecutive blocks, with simu‑
lation standard errors reported. A separate script repeats the designs with 200,000 replications
from NumPy’s generator as a reference. Their rates are finite‑sample estimates under the de‑
clared Gaussian random‑walk design. They do not calibrate arbitrary empirical tests. The ARMA
and GARCH laboratories use coarse grids to expose the objective and parameter restrictions;
they do not provide standard errors or replace a continuous optimizer.

Several results complicate the expected story. The baseline independent randomwalks have lit‑
tle level correlation on their particular realization, although the nominal 5% levels 𝑡 test rejects
for 75 to 91 percent of simulated pairs. The GARCH grid selects a different parameter triple from
the one used to generate the data. The repaired electricity model loses narrowly to seasonal
naive on continuation data, and those data are preliminary valueswhose revision could reverse
the ranking. Studentsmust explain those results aswell as the cases inwhich amodel improves
the forecast.

Data provenance and limits

EIA‑861M supplies the fixed Texas residential electricity series. NOAA Climate at a Glance sup‑
pliesmonthly statewide temperature. The extraction checks actual geographic labels and units,
unique observations, and matched periods. Its manifest retains hashes and the fixed‑vintage
limitation.

In the downloaded vintage, EIA marks the 2025months as preliminary and every earlier month
as final, so the continuation targets are preliminary values. The assumed two‑month release lag
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is instructional. The extracted history does not reconstruct provider‑specific historical releases.
The analysis is pseudo‑out‑of‑sample on one downloaded vintage. Monthly‑temperature trans‑
forms are exposure proxies, not direct measurements of within‑month daily degree‑day totals.
A synthetic network is labeled a teaching graph and is not presented as an observed transmis‑
sion system.

Edition, rights, and corrections

The first edition is datedOctober 2026 and supports the ECON515 course design. Departmental
adoption and section‑specific arrangements remain to be finalized. The downloadable source
is editable; live assessments and grading keys are maintained separately.

Correction record, October 2026: the Lecture 6 laboratory previously seeded Monte Carlo repli‑
cation 𝑖 with 515 + 𝑖. Because the generator is multiplicative, consecutive seeds gave nearly
equal first uniforms, so the first Box–Muller pair of every replication had nearly the same radius,
between 2.87 and 2.99, while its angle changed from seed to seed. Across the 200 replications
the first two innovations each had a standard deviation of 2.07 instead of 1. The DF statistic ig‑
nores the first innovation but not the second, and the reported rejection rates of 0.070, 0.035,
and 0.035 therefore did not describe independent Gaussian randomwalks. The laboratory now
draws 2,000 replications from one stream, and the verification suite checks the spread of the
first draws.

For a correction, identify the page, equation or source function, input conditions, and the result
you obtain. A useful issue includes a reproducible counterexample and its implication for the
text. Source repository. Copyright © 2026 Ian Helfrich; all rights reserved. Provider data and
cited works retain their own terms.
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